Mathematica 11.3 Integration Test Results

Test results for the 371 problems in "7.1.5 Inverse hyperbolic sine
functions.m"

Problem 1: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 2: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 3: Unable to integrate problem.
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Result (type 8, 16 leaves):
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Problem 8: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Result (type 4, 460 leaves):
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Problem 16: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(a+bArcsinh[cx])?
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Optimal (type 4, 291 leaves, 10 steps):
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Problem 17: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Problem 18: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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N |

7T .
(f - 1 ArcSinh[c X]
2

1)1+

(j (cdﬂi —c2d?-¢?

(PolyLog jl[ —i~/-c?d?-e? (cd—ne—\/—c d? - e?
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1/
cd-i1e-+/-c2d?-¢? Tan—(——'Ar‘cSinh cx] ])
( ' [2 2 ' [ ] ] /
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2
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Problem 31: Unable to integrate problem.

J(d +ex)" (a+bArcSinh[cx]) dx

Optimal (type 6, 179 leaves, 3 steps):

d+ex 1
1-——— AppellF1[2+m, =, =, 3+m, s
2

[y
Q
+
(0]
)
X
Q
+
(]
]
x

d+

N

d-

(d+ex)™" (a+bArcSinh[cx])

e (1+m) (2+m)+/1+c2x

+
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Result (type 8, 18 leaves):

J(d +ex)" (a+bArcSinh[cx]) dx

Problem 37: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Vd+c2dx? (a+bArcSinh[cx])
J f+gx

dx

Optimal (type 4, 664 leaves, 22 steps):
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A\ €2 f2ig? /14?2 x?

g2v1+c?x?

b+/c2f2+g? v/d+c2dx? ArcSinh[c x] Log [1 L, et g }
e f.g

g2 V1+c?x?

b/c2 2 g2 /d+c2dx® ArcSinh[cx] Log[1+ ]

g2 \/1+c?x?

b~/c2 2+ g2 Vd+c2dx® Polylog|2, - "k |
cf-/c?fig?

g2\/1+c?x?

b/c?f2+g> \/d+c?dx? Polylog|2, ,w]
cfifctfrgh

g2 V1i+c2x?
Result (type 4, 1552 leaves):

a d(1+c2x2 a\/71/2f2+g Log(f+gx] ac~/d flog[cdx++/d -/d (1+c2x?)
N _

g

a+/d +/c?f2+g? Log dg-c2dfx++/d /c2f2+g2 ./d 1+c x2

g

X cx\/d (1+c2x?) \/d (1+c*x?) ArcSinh[cx] cf/d (1+c?x?) ArcSinh[cx]?
_ + _

gVi1+c?x? 8 2g2V1+c?x?

-g+c f Tanh “—Ar‘csinh [cx] w ]

1 7t ArcTanh [

1 (CZ NESE Y-

'F2+g2) d (1+c2x2) - -

g2 V1+c?x? [c2f2. g2




Mathematica 11.3 Integration Test Results for 7.1.5 Inverse hyperbolic sine functions.nb | 15

(cf-ig) Cot[% (?—iAr‘cSinh[cx])]

1 7T
— |2 (——J‘LAr‘cSinh[c x] | ArcTanh| ] -
4/_c2f2_g2 2 /_Cz.,:z_gz
: —cf-ig)Tan[L [Z-iArcSinh[cx]
2Ar‘cCos[—ﬂ] ArcTanh| ( ) [2 (2 H |+
g _c2f2 g2

(cf-ig) Cot[i (gfjAr‘cSinh[cx})]

} _

icf
ArcCos|[-——] - 21 |ArcTanh|
g /_Cz.Fz_gz
—cf-ig)Tan[% (Z-1iArcSinh[c x]
Ar‘cTanh[< ) [2 (2 H}J]
_2f2_g2
_ii(Z—-jArcSinh[cx])\/ﬁ .
Log[(e . ¢ & |+ Ar‘cCos[—lCF]+
V2 A/-ig VJcfrcgx g
) APCTanh[(cf—ig) Cot[%(f—jAr‘cSinh[cx}M
_c2f2_g2
arcTan| (-cf-ig) Tan[%(f—jAr‘cSinh[cx})}
_c2f2_g2
;j(g—i/-\r‘csinh[cx]) [ 202 g2 .
Log[(e € g |- Ar‘cCos{—lﬁ:]Jr
\E\/—J’lg \/c-F+ch g
—cf-ig)Tan|[2 [£-iArcSinh[cx]
ZjArcTanh[( ) [2 (2 )H Log[l—
_c2f2_ g2
(1’1 (cf—j\/—czfz—gzj (cf—jg—x/—czfz—gz Tan[l (E—jAr‘cSinh[cx] ]])/
2 \2

K

1
[g [c-F—Jing\/—cZ-FZ—gz Tan|— (z—jArcSinh[cx]
2 \2

: —cf-ig)Tan[t [Z£-1iArcSinh[cx]
,Ar‘cCosPle]+21’1Ar‘cTanh[( ) [2(2 )]] Log[1 -
g —c2f2_g?
(1‘1 (c-FJrJ'l —czfz—gzj(cf—jg— —c2f2_g? Tan[l(z—jAr‘cSinh[cx] ]])/
2 \2

1
[g cf-ig+r-c2f-g2 Tan[f(z—ler‘cSinh[cx} ]))]+

2 \2
i (PolyLog[Z, []l [c-F—Ji —czfz—gz) (cf—jg—\/—czfz—gz
})J/[g [c-F—Jingx/—cz-FZ—gz

}))}*PolyLog[Z, [1‘1 cf+i ,czf2,ng

Tan[ (1 -1 ArcSinh[c x]
2

Tan| (1 -1 ArcSinh[c x]
2
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(C-F_jg—\/mm"[l (E—iArcSinh[cx]]]])/

2 12

(g (cf—jg+«/—c2f2—g2 Tan|

N |-

7T
(— -1 ArcSinh[c x]
2

Problem 38: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/dJrczdx2 (a+bArcsinh[cx])
(f+gx)2

dx

Optimal (type 4, 781 leaves, 35 steps):
avd+c2dx?  b+/d+c2dx? ArcSinh[cx] ac3f2+/d+c2dx? ArcSinh[cx]
- - +

+

g (frgx) g (f+rex g2 (224 g?) i+ %2
bc3f2~/d+c2dx? ArcSinh[cx]? (g-c2fx)?Vd+c2dx? (a+bArcSinh[cx])?
- +
2g? (2f2+g?) Vi+c2x? 2bc (c2f2+g?) (-F+gx)2\/1+c2x2

ac2f\d+c2dx? ArcTanh|[——&<fx

€ f2+g? A1+ x?
+
2
2bc (f+gx) g2~/c2f2ig? J1+c2x?

bc2f/d+cZdx? ArcSinh[cx] Log[1+ -~ 8]

cf-q/c?f2g?
g2~/ c?f2+g? \/1+c?x?

bc2f+/d+cZdx? ArcSinh[cx] Log[1+ <8 |

ciferg  be/d+c2dx? Log[f +gx]
;
N TN S

bc2fd+cZdx? Polylog[2, - <& ] bc2f/d+c?dx? Polylog[2, - £ |

Result (type 4, 1574 leaves):
a\/d (1+c2x%)  ac2+/d flog[f+gx] acd Log[cdx++/d \/d(1+c2x?) |
+ +
2

Vi+c2x® \/d+c2dx? <a+bAr‘cSinh[cx}>2

8('F+8X> g2 /c2f2+g2 g
ac?/d flog[dg-c2dfx++/d [c2f2+g? \[d (1+c2x?) |
.
gZ [C2f2+g2
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d (1+c*x?) ArcSinh[cx] d (1+c?x?) ArcSinh[cx]?

bc |- +
g (cf+cgx) 2g2V1+c?x? g2V1+c?x?

-g+c f Tanh { :—Ar‘csinh [cx] ] ]

d 2 2 CZ'F2+g2
g2 V1+c?x? [c2¢2, g2

(cf-ig) Cot[% (f—iAr‘cSinh[cx])]

i 7 ArcTanh|

1 7T
2 (*—J’LAr‘cSinh[c x] | ArcTanh | ] -
_c2f2og? 2 _c2f2_ g2
: —cf-ig)Tan[% [Z-iArcSinh[cx]
2Ar‘cCos[—£] ArcTanh [ ( ) [2 (2 )} |+
g _2f2_g?

(cf-ig) Cot{% (f—iAr‘cSinh[cx})]

icf .
ArcCos |- ——] - 21 [ArcTanh| ] -
g _c2f2_g?
—cf-ig)Tan[L [Z-iArcSinh[cx]
Ar‘cTanh[< ) [2(2 )} ]]

[ _ 2 .FZ
.FZ

eigi ——nAr‘cSlnh \/27 icf
Log | + |ArcCos | - |+
V2 /-ig Vcfrcgx g
21 Ar‘cTanh[(Cfijg> COt[;(;jAPCSinh[CX}H}
_c2f2_g2
et h[(cfig)Tan[i(;JiAr‘cSinh[cx})H
rcTan
c2f2_ g2
1. T .
71(7,1Arc51nh[cx]) _c2f2_g2
Log[(ez : c g }— Ar‘cCos[— C-F]+
V2 J-ig Jefrcgx g
—cf-ig)Tan[L [Z-iArcSinh[cx]
2 i ArcTanh| ) [2 (2 )H Log[1 -
\/T

[AnY

)/

N

7T
(Ji (cf—jx/—czfz—gzj (cf—ng—«/—c f2-g? Tan|~ (——JiAr‘cSinh[cx]
1/
[g (cf—ig+xl—c2fz—g2 Tan[—(——ler'cSinh[cx] ]))]+
2 \2

(-cf-ig) Tan[i (?—iAr‘cSinh[cx])]

Log[1-

]

.F
| +21iArcTanh|

ic
g /_Cz.,:z_gz

~ArcCos [ -
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=]

-1 ArcSinh| ])]])/

(j(cf+1\/—cT] (C'F—]lg— - -g° Tan %(
T+

sleige g [ (f_msmh
A R e e

)|/ ffer-se e
e e

(cf—ng = -g? Tan l[E—JiAr'cSinh[cx] ]])/

( (cf1g+\/7Tan1(ﬂjArcSinh[cx])]])})]

N
—_

7
-1 ArcSinh[c Xx]

1
Tan — (f
2 \2
1
Tan — (*7]1APCSlnh X]
2.\2

2

Problem 42: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(d+c2dx?)*? (a+bArcSinh[cx])
J dx

f+gx

Optimal (type 4, 984 leaves, 29 steps):
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ad(c2f2+gz)m bcdxd+c2dx? bcd(c2f2+g2)xm
g’ 3gV1+c2x? gV1i+c2x?
bc3dfx2vVd+c2dx? bc3dx3Vd+c2dx? bd(c2f2+g2>mAr‘cSinh[cx]
4T ogvVicix g
czdfxm(a+bAr‘cSinh[cx]) d(1+c2x2)m(aerAr‘cSinh[cx])
2g? ' 3g .
cd1‘:\/m(a+bAr‘cSinh[cx1)2 cd(cZ-F2+g2)xx/m(aerAr‘cSinh[cx])2
abg2\/1+c2x? 2bgdV/1+c2x%

d (c2f2+g2)2m (a+bArcSinh[cx])?
2bcg? <F+gx)m
d(c?f2+g?) V1+c2x2 /d+c?dx? <a+bAr‘cSinh[cx})2
2bcg? (f+gx)

ad <c2f2+g2)3/2mAr‘cTanh[—g—’czfx ]

CZ .F2+gz 1+C2 X2
+

+

+

g*vV1+c?x?
bd (c2+g2)*?~/d+c2dx? ArcSinh[cx] Log[1+ e

cf-q/c?f2ig?

Epy=

bd (c22+g2)*2/d+c2dx? ArcSinh[cx] Log[1+ £ |

cffc? f2ig?

g VI

bd (c2+g2)>?~/d+c2dx? Polylog[2, - e g ]

cf-/c?f2eg?

g*\V1+c?x?

o (¢t 7]V O polytog[2, - k|
cfirf c? f2ig?
gtV1+c?x?

Result (type 4, 4049 leaves):

d(3c22+ag? 2 24 %2
d(1+c2x) (a (3c2F2+ 8>7ac d-Fx+ac dx .
3¢ 2g? 3g
ad¥2 (c2f2+g2)* % Log[f+gx] acd¥2f(2c2f2+3g2) Log[cdx+/d \/d (1+c2x?) ]
g* _ 2g* _

%ad”2 (c2f2+g2)3/2Log[dg—czdfx+\/?x/c2f2+g2 Jd (1+2x2) |+

8
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+

cx~/d (1+c?x? d(1+c?x?) ArcSinh[c x cf./d(1+c?x?) ArcSinh[cx]?2
Ly exafdieex) Jdfiece (] (1 (]

g Vit g 262 \Ir

—g+chanh“—ArcSinh[c x]w ]
_r (224 g?) \/d (1+2x?) |- i
g2 V1+c?x? [c2f2. g2

(cf-ig) Cot[% (f—iAr‘cSinh[cx])]

i ArcTanh|

] -

1

2 (ﬁ -1 ArcSinh[c x] ) ArcTanh |

2 _c2frog?

_c2f2_g?
(-cf-ig) Tan[% (f—]’lAr‘cSinh[cx]H

|+

icf
2 ArcCos [~ ——] ArcTanh|
g _2f2_g?

(cf-ig) Cot[% (f—jAr‘cSinh[cx})]

} _

icf
ArcCos |- ——] - 21 [ArcTanh|
g /_cz.,:z_gz
—cf-ig)Tan[L [Z-iArcSinh[cx]
Ar‘cTanh[< ) [2(2 )H
_c2f2_g2
7§i</2¥7j1Ar‘cSinh[cx]) [Cc2f2_ g2 .
Log[(e c g |+ Ar‘cCos[—lc-F]+
V2 /-ig Vef+cgx g

. APCTanh[(cffjg) Cot[i(ffjAr‘cSinh[cx}H )
/7c2f27g2
h[(—cf—jg) Tan[i(g—jAr‘cSinh[cx})}
ArcTan
C2.F2 gZ
1. oL .
—n(——nAr‘cSlnh[cx]) _e2f2_g2
Log[(ez : c g | - |ArcCos |- C-F]+
N2 A/ -ig VJefrcgx g
—cf-ig)Tan[% (Z-1iArcSinh[c x]
2 i ArcTanh| ) [2 (2 )H Log[1 -
|_c2f2_ g2

)/

N |-

(j(cfﬂi 7c2f27g2](cffjgfxlfczfzfgz Tan| (EfjAr'cSinh[cx]
2
1 /7
[g (cf—ig+xl—c2fz—g2 Tan[—(——jAr‘cSinh[cx} ]))]+
2 \2

~cf-ig) Tan[i (gfjArcSinh[cx])]

Log[1-

]

.F
| +21iArcTanh|

icC
~ArcCos [ - =
g /_Cz.Fz_gz
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(Ji (C'F+]l\/—C f2 - ] (cf—jg—«/—czfz—gz Tan| (E—JIAPCSinh[CX]
1

cf-ig+r/-c2f2-g? Tan| *(*—JlAr‘chnh )]
2

(PolyLog [1( ia-c2 - 2) (C'F—Jig—w/—c f2 - g?

})J/(g[cffngr —c2f2-g?

})J} - Polylog|2, (J’l (c-FHi ,c2f2,g2J

: 1)/
6[cr-igey"FFg Ton ;(mmcsmh[cx])w] +

N |

)/

7
-1 ArcSinh[c Xx]

1
Tan — (f
2 \2
1
Tan — (f—nAr‘cSmh X]
2 \2

(c-F—Jlg = -g? Tan -

JT .
[f -1 ArcSinh[c x]
2

. —g+C'FTanhT£Ar‘cSinh[c x]w
i 7 ArcTanh| :

T

bd _ d(1+C2X2) Jefg +
8+V1+c?x? c2f2, g2
1 i (c-F+Jig)Cot[i(ﬂ+2]‘1Ar‘cSinh[cx}H

cf
2 ArcCos [— 7] ArcTanh [
_c2f2_g? g /7C2f27g2

(cf-ig)Tan[+ (m+2iArcSinh[cx]) |
(7-21 ArcSinh[cx]) ArcTanh | 4 ]+

/_Cz.Fz_gz

+

icf (cf+ig)Cot[+ (m+2iArcSinh[cx]) ]
ArcCos |- ——] -2 i ArcTanh| 4 | -
g S22 g2
(cf-ig) Tan[=> (7r+21'1Ar‘cSinh[cx]H
ZjArcTanh[ 4 ]
/7c2f27g2
(l_ jl_) ——Ar‘cSlnh cx) _c2f2_
Log|
V- ig \/c-F+ch
P (cf+ig)Cot|[+ (m+2iArcSinh[cx]) ]
ArcCos | - | +21i |ArcTanh| 4 |+
g /_Cz.‘:z_gz

Ar‘cTanh[

(cf-ig) Tan[if (7+21iArcSinh[cx]) | ]]

[_CZ.FZ_gZ
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(l . l) e%Ar‘cSinh[cx] _c2 f2 7g2 icf
Log | | - |ArcCos |- ]+
\/—J‘lg \/cf+ch g
(cf+ig)Cot[+ (;r+2iArcSinh[cx]) ]
2 i ArcTanh| 2 ]
_c2f2_g?
Log[|(icf+g) (—Jicf+g+ —czfz—gz] (1+1‘1Cot[1(n+21’1Ar‘cSinh[cx})])J/
4
(g (icf+g+iw/—c2f2—g2 Cot[l(n+21‘1Ar‘cSinh[cx]HJ]]—
4
icf (cf+ig)Cot[+ (7+21iArcSinh[cx])]
ArcCos |- ——] - 2 i ArcTanh]| 2 ]
g _c2f2_g?
Log[|(icf+g) (ch-F—ng —czfz—gz) [1'1+Cot[l(7r+21‘1Ar‘cSinh[cx])]))/
4

(cf71g+\/7cht 7r+21‘1Ar'cSinh[cx])]])}+
(PolyLog [(JLC'FJr\/iJ (jcf+gfjm

Cot[1 (7T+2]lAPCSinh[CX]>])J/ [g [J’lcf+g+j ~c?f?-g?
4

1
Cot[~ (m+21iArcSinh[cx] ) ] ) J} - Polylog|2,
4

(7cf+jg+x/7c f2-g? Cot| n+21‘1ArcSinh[cx})])]/

(cf+1‘1 —czfz—gz]

( (1cf+g+1\/7Cot 7r+21'1Ar‘cSinh[cx]H))]] .

1

72g*V1+c?x?

A/ 1+c?x? ArcSinh[cx] -
18 c f (2c® 2+ g?) ArcSinh[cx]?+ 9 c fg”Cosh[2ArcSinh[cx]] +
6 g ArcSinh[c x] Cosh[3 ArcSinh[cx]] +

d(1+c*x*) |-18cg (4c®f?+g%) x+18g (4> 2+ g?)

-g+c f Tanh { %Arcsinh [cx] w }

CZ .f:2+g2

9 (8c*f*+8c*f2g2+gt) |- -

]CZ.FZJrgZ

i 7 ArcTanh |
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(cf+ig) Cot[i (7+21iArcSinh[cx]) ]

1 icf
——————— |2ArcCos[- —— | ArcTanh|
_2f2_g2 g [ _c2f2_

(cf-ig) Tan[i (71+2]'1Ar‘csinh[cx]”

]+

(7-21iArcSinh[cx]) ArcTanh | ] +

_c2f2_g?

icf (cf+ig) Cot [+ (Jr+211Ar‘cSinh[cx])]
ArcCos |- ——] - 2i ArcTanh| 2 ] -

g /7C2F27g2

(cf-ig) Tan[i (n+21’1Ar‘cSinh[cx})]}

/_Cz.Fz_gz

(l B ]'1_) ——ArcSlnh cx] 22

2 i ArcTanh | Log |

+ |ArcCos [ -

V-ig Vefrcogx

(cf+ig) Cot[i— (7+2iArcSinh[cx]) ]
2i |ArcTanh| |+
_c2f2_g2
(cf-ig) Tan[i (7+21iArcSinh[cx])]
Ar‘cTanh[ ]

I7C2f27g2
1 i —Ar‘cSlnh cx] 2 ‘FZ
(i) o

V-ig Vef+cogx

icf
g

Log

- |ArcCos | -

] +

(cf+ig)Cot[s (r+2iArcSinhfcx])]

/_cz.Fz_ 2
((Jicf+g ( icfrg+n/- gz) [1+1Cot 7r+211Ar'cSinh[cx]HJ]/

[g(icf+g+1‘m/—c2f2—g2 Cot[~ (m+21iArcSinh[c })])]]—

(C'F+1g) Cot[z (m+21iArcSinh[cx])]

2 i ArcTanh|

}

Log |

icf
ArcCos |- ——] - 2i ArcTanh|
g _c2f2

(icf+g) [“f*gﬂ/mJ (jHCOt[1 <n+2]1ArcSinh[cx1H)]/
4
. (c-F—Jing\/mCOt[l (JHZJ'lAr‘cSinh[cx}H)]] +
4

i |Polylog|2, ((]iC'F+ —czfz—gz) [Jic-FJrg—j —c2f2_g?

Cot[1 (n+21’1Ar‘cSinh[cx]H))/ (g(jchrgHimCOt[

4

Log|
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SIS

18 c f g2 ArcSinh[c x] Sinh[2 ArcSinh[cx]] - 2 g3 Sinh[3 ArcSinh[c x]]

Problem 46: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(d+c2dx?)*? (a+bArcSinh[cx])
J dx

f+gx

Optimal (type 4, 1536 leaves, 37 steps):
a d2 (c2f2+g2)2‘\/d+C2dX2 2bcd?x~/d+c?dx?
+

g 15gV1+c2x?
bcdz(czfz+g2)2xm bcdz(c2f2+2g2)xm
Nrra 3 VT ’
b3d2fx2Vd+c2dx? bAdf(2f212g2) x@Vd+2dx?  bcd2x3Vdrc2dx?
6@ Vi N 45gTr
b3d? (2f2+2g2) Vd+2dx?  bSd2fxtVdrc2dx?  bcSd2xSdrc2dx?
N T g iiax sgViiaix
b d2 (c2f2+g2)2mAr‘cSinh[cx} 2d?fx/d+c2dx? (a+bArcsinh[cx])
g’ 7 8 g 7
c2d*f (c2f2+2¢g?) xvVd+c2dx? (a+bArcsinh[cx])
2g* )
cAd2Fx3/d+c2dx? (a+bArcSinh[cx]) d? (1+c?x?) Vd+c2dx? (a+bArcSinh[cx])
4 g? : 3g :
d? (c2f2+2g2) (1+c2x?) Vd+c2dx? (a+bArcSinh[cx])
3g3 :

d? <1+c2x2>2\/d+c2dx2 (a+bArcsinh[cx]) cd®fd+c?dx? <a+bAr‘cSinh[cx])2

+ —

58 16bg?+1+c?x?
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cdz-l:(c21‘32+2g2)\/m(a+bAr‘cSinh[cx])2
abgVTr 7

c d? (cZ-FZJrgZ)ZX\/m(aerAr‘cSinh[cx])2
2bg®\/1+c2x?

d? <c2f2+g2)3m (a+bArcSinh[c x])2

2bcg® (F+gx>\/1+c72x2
d? (c2F2+g2)2/1+c2x2 \/d+c2dx? (a+bArcSinh[cx])?
2bcgh (f+gx) )

ad? (cz f2 +g2)5/2 Vd+c?2dx? Ar‘cTanh[—g—’cz‘cx

\ €2 F2ig? A 1+c? x?

+

g®V1+c?x?

bd? (c2f2+g2)%?+/d+c?dx? ArcSinh[cx] Log|1+ e ]

cf-/c?f2ig?

g®V1+c?x?

bd? (c2 F2+g2)5/2mAr‘cSinh[c x] Log[1+ w]

cfif c?f2ig?

gt V1+c2x?
bd? (22 +g2)*2\/d+c2dx? Polylog|2, - <t

cf-r/c?f2eg?

gt V1+c?x?
bd? (c2£2+g2)*2/d+c?dx? Polylog[2, -~ b ]

c f+rf c? f24g?

gt V1+c2x?
Result (type 4, 9270 leaves):

d (1] [ad2 <15c41‘4+35c2f2g2+23g4)7ac2d2f(4c2f2+9g2)x+
15 g° 8 gt
actd? (5c2f2+11g2) x? Lactdrfy +ac4d2x4 +ad5/2 (c2£2+g%)%? Log [f + g x] )
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twice size of optimal antiderivative.
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alog[f+gx] alog[dg-c?dfx++/d +/c2f2+g? \/d (1+c2x?) |
+

Vd /224 g2 Vd 224 g2

-g+c f Tanh { %Ar‘csinh [cX] ] ]

1 st ArcTanh [

—t pfieae |- e -
d(1+c?x?) [c2£2, g2

1 (cf+ig) Cot[i(n+21‘1Ar‘cSinh[cx])]

icf
2 ArcCos |- —— | ArcTanh|
_2fog? g _2f_g?

|+

(cf-ig) Tan[i (m+2iArcSinh[cx]) ]

/7C2f27g2

cf+ig) Cot[i (7+2iArcSinh[cx]) ]

(7-21iArcSinh[cx]) ArcTanh|

} +

icf )
ArcCos [~ ——] - 2i ArcTanh|
g _c2f2_g?

] -
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2 1 ArcTanh [

(cf-ig) Tan[i(n+21’1Ar‘cSinh[cx])]]
-
1 i e—%/—\r‘csinh[cx]m
133 :

\/—jg \/c-F+ch

Log

(cf+ig) Cot[i (m+21iArcSinh[cx]) ]

icf )
ArcCos | - | +21 |ArcTanh| |+
g —2f2_g?
(cf-ig) Tan|+ (JT+211Ar‘cSinh[cx])]
Ar‘cTanh[ 4 ]
/_szz_gz

1 i l—Ar‘cSinh[cx] /7 2£2 52 .
Log[(2+2)ez croe ]- Ar‘cCos[fle]+
V-ig Vcfrcgx g

. (cf+ig) Cot[i(nJrZJiAr'cSinh[cx])]
2i ArcTanh| ]

|_c2f2_ g2
(icf+g) (—icf+g+xl—c2fz—g2) [1+1’1Cot[1 (n+21’1Ar‘cSinh[cx]H]]/

4
[g [icf+g+im50t[l (mszrcSinh[cx])])J} _
4

(cf+ig) Cot[i (7+21iArcSinh[cx])]

Log |

icf )
ArcCos |- ——] - 2i ArcTanh|

g m
(icf+g) (icf—g+m) (J’l+Cot[i(7(+2]'1Arcsinh[cx})]))/
[g [c-F—JingmCot[i<n+ZjArcSinh[cx}>])]]+j
((jch 7c2f27g2) (]'lc-FJrg—JimCot[i (7r+211Ar‘cSinh[cx])]])/

[g (jcf+g+im(:ot[i (mszrcSinh[cx})])J} - Polylog|2,

((cfﬂi 7c2f27g2) (7cf+jg+x/7c2f27g2 Co‘c[1 (ﬂ+ZjArcSinh[cx]HJ]/
4

Log|

Polylog [2,

[g (]'lcf+g+jl«/7c2f2—g2 Cot[1 (H+21Arcsinh[cx])]))})
4

Problem 52: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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a+bArcSinh[cx]
J dx

f+gx)2\/d+c2dx2

Optimal (type 4, 444 leaves, 13 steps):

c2f/1+c2x? <a+bAr‘cSinh[c x]) Log[1+ et g

cf-/c?f2ig?

g (1+c*x?) (a+bArcSinh[cx])

+

(c2f2+g?) (frgx) Vd+c2dx? (c2F2+g2)%2d+ c2dx?
c2f+1+c?2x?> (a+bArcSinh[cx]) Log 1 e
( ) : c-F+«/c2-F2+g2} bcvV1+c?x? Log[f+gx]
+ +
(c2F2+g2)%2\d+c2dx? (c2f2+g?) Vd+c2dx?

bc2f~/1+c2x2 Polylog|2, - e | bef \/1+c2x? Polylog (2, - Rl e ]

cf-qfc? fg? c i/ c? F21g?

(264 g2) 2 dr dnd (2624 g2) 2 Vdr dnE

Result (type 4, 1586 leaves):
agm . ac?flog[f+gx]
d(Fg) (Frex) /g (ceig) (cfrig) g
ac?flogldg-c?dfx+Vd \[c2Feg? \[d (1+c2x?) ]
VT (et ig) (cFrig) Jarig +

b g (1+c?x?) ArcSinh[c x] V1+c2x? Log[1l+ gf}
c|- N .

(c2f2+g?) (cf+cgx)4/d(1+c2x?) (c2f2+g?) /d (1+c2x?)

-g+C FTanhEAr‘cSinh [cx] } ]

1 7t ArcTanh [

! cf 1 |- ikiass _
(224 g2) \Jd (1+2x) Je g

(cf-ig) Cot[% (f—iAr‘cSinh[cx])]

1
\J-c2f2_g? [_c2f2_ g2
(-cf-ig) Tan[i (f—iAr‘cSinh[cx])}

icf
2ArcCos[- ——] ArcTanh| |+

g S22 g2

] -

2 (Z -1 ArcSinh[c x] ) ArcTanh |
2

(cf-ig) Cot[i (f—jArcSinh[cx})]

i1cf
ArcCos|[- ——] - 21i |ArcTanh| ] -
g /_cz.,:z_gz
—cf-1ig)Tan[L [Z-iArcSinh[cx]
Ar‘cTanh[< ) [2(2 )} ]]

/_cz.Fz_gz
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e——n ——nAr‘cSlnh cx] _c2f2_ icf

Log| + |ArcCos | - |+
V2 A/-ig VJcfrcgx g
cf-ig)cCot[: [Z-1iArcSinh[cx]

21 Ar‘cTanh[( ) [2 (2 )]}

_2f_g?

—cf-ig)Tan[% [£-iArcSinh[cx]

Ar‘cTanh[< ) [2(2 H J]

_c2f2_g?

7]'1 771 ArcSinh[c x] \/T icf
Log[ - AI"CCOS{* ]*
\ﬁ\/ ig \/cf+ch g

—cf-ig)Tan[% (Z-1iArcSinh[c x]
ZjArcTanh[( ) [2(2 H} Log[1 -
_c2f2_ g2
(1‘1 (C‘F*]'l 7c2f27g2] (C‘F*]'lgf —c2f2_g? Tan[l(zﬂiAr‘cSinh[cx] ]])/
2 \2

[g (cf—ig+xl—c2f2—g2 Tan[1 (E—JiAr'cSinh[cx} ])]] +
2 \2

(-cf-ig) Tan[i (ifjArcSinh[cx])]

]

Log[1-

.F
| +21iArcTanh|

1C

g \/ﬁ
(Ji (cfﬂl\/T] (cffngfﬁTan[ (
[ cf-ig+r/-c2f2-g? Tan| %(E—nAr‘cslnh 1]
PolyLog|2 [J‘l( —14f-c?Ff2- 2) [cffngfxlfc f2_g?

~ArcCos [ -

-1 ArcSinh[c x]

]+

N |-
N

—_

—

1/
Tan | —(——nAr‘cSmh X] }))/[g [cf—ig+\/m
2 \2
1/
Tan[ ~ (——]lAI"CSIHh x] }))} - Polylog|2, []l (cfﬂim]
2 \2

(cf—ig—\/m-ra"[i (g—iAr‘cSinh[cx])]])/

( (cf—1g+«/—c f2-g? Tan| i(z—iAr‘cSinh[cx])]])})]

Problem 54: Attempted integration timed out after 120 seconds.

dx

J(a+bAr'cSinh[c x])? Log[h (f+gx)"]

V1+c?x?
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Optimal (type 4, 438 leaves, 13 steps):

m (a+bArcSinh[c x])3 Log[1 + e =

cf-/c?f2ig?

m (a+bArcSinh[cx])*

12b%c 3bc

m(a+bAr‘cSinh[cx])3Log[1+mg— R
i fg (a+bArcsinh[cx]) Log|h (-F+gx)m}
.

3bc 3bc
m (a+bArcSinh[cx])?PolylLog[2, - wg—]
cf-/c?f2g?
c
m (a+bArcSinh[cx])?Polylog[2, - mﬁ—]
c f+r) c? f24g?
c

2bm (a+bArcSinh[cx]) Polylog|3, _w]

cf-n/c?f2ig?

C

2bm (a+bArcSinh[cx]) PolyLog|3, —w]

cfifc?f2ig?

C

2b?mPolylog[4, - "2 ] 2p2mpolyLog[4, - e

cf-q/c?f2ig? ¢ firf c?f2eg?

C C

Result (type 1, 1leaves):
22?

Problem 55: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bAr'cSinh[cx]) Log|h (f+gx)"] 4
X

Vi+ca2x?
Optimal (type 4, 332 leaves, 11 steps):



42 | Mathematica 11.3 Integration Test Results for 7.1.5 Inverse hyperbolic sine functions.nb

ArcSinh[cx]

m (a+bArcSinh[cx] )2 Log[1+

cf-/c?f2ig?

m (a+bArcSinh[cx] )3

6 b2 c 2bc

m (a+bArcSinh[cx])*Log[1+ wg_]

c e/ c? f21g?

. (a+bArcsinh[cx])?Log[h (f+gx)"] i

2bc 2bc

ArcSinh[cx]

m (a+bArcSinh[cx]) PolylLog[2, - 5

cf-r/c? feg?

C

m (a+bArcSinh[cx]) PolyLog|2, - R

c i/ c? F21g?

C

ArcSinh[c x] ArcSinh[c x]
meolyLog[B, 7@4L} meolyLog[B, - —5
cf-r/c?f2ig? c firf c? f2ig?

C C

Result (type 4, 1547 leaves):

1
-—— |3amnm?-121iammArcSinh[c x] -12amArcSinh[cx]?-4bmArcSinh[cx]3-
24 c

g (cf+ig)Cot[+ (;r+21iArcSinh[cx]) ]
96 amArcSin| —— | ArcTan +
[ ] [ : ]

\/7 [c2f2+g2

7c{:7eAr‘cSinh[cx] g+ /CZ f2+g2

[ ]+
—cf+q/c2f2ig?

cf+ <eAr‘cSinh[c x] g+ ICZ .FZ +g2

[ ]+
cf+/c2f2+g?

[—C eAr‘cSinh[cx] 'F+g— (eAr‘cSinh[cx} ICZ .FZ +g2 ]

8

1+ icf
g [—C eAr‘cSinh[cx] f+g— eAr‘cSinh[c x] /CZ 1:2 +g2 }

48 i amArcSin| | Log
V2 g

[ _c eAr‘cSinh[c x] f 4 g- eAr‘cSinh[c x] ;Cz 'FZ 4 gz ]

8

[ —_c eAr‘cSinh[c X] F 4 g- eAr‘cSinh[c X] /CZ .FZ 4 gz ]

g

12 bmArcSinh[c x]? Log

12bmArcSinh[c x]? Log

12 i amsLog

+

24 amArcSinh[c x] Log +

12 i bmstArcSinh[c x] Log
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+

1+ icf
g [7C eAr‘cSinh[cx] f+ g- eAr‘cSinh[cx] ;cz f2 4 g2 ]

48 i bmArcSin[ ————] ArcSinh[cx] Log

V2 :
[ _c eAr‘cSinh[c X] 4 g- eAr‘cSinh[c x] /cz £2 4 g2 ]

12bmArcSinh[c x]? Log +

8
_c eArcSinh[c X] f 4 g+ eAr‘cSinh[c X] ICZ 'FZ 4 gZ
12iamrLog| |+
g
1+ icf
g -c eArcSinh[c x] £ 4 g+ eArcSinh[c x] /cz .FZ + gz
48 i amArcSin| | Log] |+

V2 g

[ -c (eAr'cSinh[c X] f+ g+ eArcSinh[c X] ;Cz .FZ 4 gz ]

24 amArcSinh[c x] Log +
g
_c eAr‘cSinh[c X] F 4 g+ eAr‘cSinh[c x] /CZ .{:2 4 g2
12 i bm st ArcSinh[c Xx] Log[ ] "

g

1 icf
. ) * g _c eAr‘cSinh[c X] f 4 g+ eAr‘cSinh[c X] ICZ .FZ 4 gz
48]1bmAr‘c51n[7 [ ]

} ArcSinh[c x] Log
V2 :

[ -c e/—\r‘csinh[c x] f+ g+ eAr‘cSinh[c x] ICZ .{:2 4 g2 ]

g
12iamlog[c (f+gx)] -24aArcSinh[cx] Log|h (f+gx)"] -12bArcSinh[cx]?

[—c-FJm/cZ-FZJrgZ) (cx+m)

g

1+i;f (—c-F+x/c2F2+g2](cx+\/1+c72x2)

48 i bmArcSin[ ————] ArcSinh[c x] Log[1+

V2 g

(—cf+x/c2f2+g2) (cx+m)

+

12 bmArcSinh[c x]? Log

Log|h (f+gx)"] -12 i bmArcSinh[cx] Log[1+

] -

} _

12bmArcSinh[cx]? Log[1+

] _

g
(cf+«/c2f2+g2] [ex+Virc?x
12 i bmrArcSinh[c x] Log[1 - |+
g
[14 28 (cf+w/c2f2+g2) [cx+VTrc2n
48]ibmAr‘cSin[7}ArcSinh[cx] Log[l— ]—

V2 g
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(cf+«/c2f2+g2) [ex s VTrcx )
g
eArcSinh[cx] (C'F— lcz f2+g2 J

8

eAr‘cSinh [cx] g

12bmArcSinh[cx]? Log[1 -

|+

24 amPolylog|2,

|+

24 bmArcSinh[cx] PolyLog|2, | +24bmArcSinh[cx]

—cf+q/c2f2ig?

eAr‘cSinh [cx] g

eAr‘cSinh[cx] (C'F+ /Cz 'F2+g2 )
| +24amPolyLog|2,
cf+r/c2f2+g? g

PolyLog[2, -

] -

eAr‘cSinh[c x] g eAr‘cSinh[c x] g

24bmPolylog|3,

| -24bmPolyLog|3, -

]
—cf+/c2f2ig? cf+qfc2f2+g?

Problem 56: Attempted integration timed out after 120 seconds.

dx

JLog[h (f+gx)"]
NEew=ra
Optimal (type 4, 197 leaves, 9 steps):

mArcSinh[c x] Log[1+ ~““"““E-] mArcSinh[cx] Log[1+ b

mArcSinh[c x]2 cfrfc?fig cfinfc2f2ig?

2c¢C c .
wholylog[2, - <UL ] mpolylog[z, -

cf-y/c? f2+g? cf+yf c? F2+g?

ArcSinh[cx] Log[h (f+gx)"]

C C C

Result (type 1, 1leaves):

2P

Problem 62: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcSinh[a + b x]
J dx

X

Optimal (type 4, 131 leaves, 9 steps):
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1 eAr‘cSinh[a+b X]
- = ArcSinh[a+bx]?+ArcSinh[a+bx] Log[l- —— | +
2 a-V1+a?
eAr‘cSinh[a+b X] eAr‘cSinh[a+b X] eAr‘cSinh[a+b X]
ArcSinh[a + b x] Log [1 - 7} + Polylog [2, 7] +Polylog [2,

a+V1+a? a-V1+a? a+V1+a?
Result (type 4, 290 leaves):

(7-21iArcSinh[a+bx])®+

8
. -i+a) Cot[L (m+21iArcSinh[a+bx]
32Ar‘c:Sin[71 La }Ar‘cTan[( ) [4 ( )]]Jr
\E 1+ a2
4i ﬂ—4ArcSin[&]—ZjArcSinh[a+bx]
V2
Log[l +a eAr‘cSinh[aerx] _ 1+ aZ eAr‘cSinh[a+bx]] + 41
vi-ia

7+ 4ArcSin| | -21iArcsinh[a+bx] | Log[1+aehresinnlarbx] /g, g2 gArcsinhlarox] ],

-1a
V2
8 ArcSinh[a +bx] Log[bx] -4 (i +2ArcSinh[a+bx]) Log[bx] +

8 Polylog|2, (—a+«/1+a2 ehresinhlabx] ], g polylog|2, - [a+«/1+a2

eAr‘cSinh [a+b x] ] ]

Problem 71: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcSinh[a + b x]?
J dx

X

Optimal (type 4, 205leaves, 11 steps):

1 eAr‘cSinh[a+b X]
- = ArcSinh[a+bx]®+ArcSinh[a+bx]?Log[l- ———] +
3 a-V1+a?
eArcSinh[a+b x] <eAr‘cSinh[a+b X]
ArcSinh[a+bx]?Log[1 - | +2ArcSinh[a+bx] Polylog[2, ————— | +
a+\1+a? a-V1+a?
eArcSinh[a+b X]
2 ArcSinh[a +bx] Polylog[2, ————] -
a+V1+a?
eAr‘cSinh[a+b X] eAr‘cSinh[a+b x]
2Polylog[3, ———— | - 2Polylog[3, ——— |
a-vVi1+a2 a+V1+a?

Result (type 4, 890 leaves):
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4 m _ eAr‘cSinh[a+b X]

1 . . a
- = ArcSinh[a+bx]?+ArcSinh[a+bx]? Log| |+

3 a+V1+a?
n 4/1 +a? ¢ (eAr'cSinh[a+b x]
—a+V1l+a?
imArcSinh[a+bx] Log[l+aehresinlabx] _ /g, a2 gArcsinhlarbx] ]

V1i-1ia . I .
] ArcSinh[a 4 bX] Log[l +a eAr‘cSlnh[aerx] _ 1+ a2 eAr‘cSlnh[aerx]} N
V2

ArcSinh [a +b X] 2 Log[l +a eAr‘cSinh[a+b x] _ /1 4 az eAr‘cSinh[a+b x] ] i

i tArcSinh[a + b x] Log [1 +aehresinhlasbx] /1 4 g2 gArcsinhla+bx] ] +

V1i-1ia
4/2

ArcSinh [a +b X] 2 Log[l +a eAr‘cSinh[a+b x] N /1 4 a2 eAr‘cSinh[a+b x] ] _

inAr‘cSinh[a+bx]Log[1+(a—x11+a2)(a+bx)+(a—x/1+a2) 1+ (a+bx)? ]+
]ia]
e

Log 1+( —/1+a? ) a+bx +(a—ﬂ1+a2

Ar‘cSinh[a+bx}2Log[1+(a—x/1+a2)(a+bx)+[a—\/1+a2] 1+ (a+bx)?]-
i rArcSinh[a + b x] Log[1+(a+xll+a2) (a+bx)+(a+\/1+a2)\/1+<a+bx)2]f

-1a
| ArcSinh[a +bx]
e

Log 1+( x/1+a) a+bx)+(a+\/1+a2 \/1+(a+bx)2]—
ArcSinh[a+bx]?Log[1 + (a+x/1+a2) (a+bx) + (a+x/1+a2

ArcSinh[a+bx]? Log| -

+

4 i ArcSin|

4 i ArcSin| | ArcSinh[a+bx] Log[1+a efresinlarbx] /1, g2 ghArcsinhlacbx] |,

|_x

4]1Ar‘c51n[ ArcSinh[a + b x]

1+(a+bx)2]—

|_\

41 ArcSin[———

1+(a+bx)2]+

eAr‘cSinh[a+b X] (eArcSinh[a+b x]
2ArcSinh[a+bx] Polylog[2, ———————] +2ArcSinh[a +bx] Polylog[2, ——— | -
-1+ a2 a+V1l+a?
ArcSinh[a+b x] eAr'cSinh[a+b x]
2Polylog[3, ——— | - 2Polylog[3, ————|
-V1+a? a+V1l+a?

Problem 72: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JAr‘cSinh [a+bx]2

XZ

Optimal (type 4, 178 leaves, 11 steps):
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eArcsinh [a+b x]
a-/ 1+a?

ArcSinh[a+bx]?
- - +

X V1+a?

eArcsinh[asbx] ]

2bArcSinh[a+bx] Log[1-

eArcsinh [a+b x| ] eArcsinh [a+b x|

2bArcSinh[a+bx] Log|1 - 2bPolylog|2, 2bPolylog|2,

a+/ 1+a? a-+/1+a? a+y/ 1+a?
V1+a? V1 +a? V1 +a?

Result (type 4, 866 leaves):
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X -1-a Tanh[lArcSinh[am x]]
2i b ArcTanh| 2 ]

ArcSinh[a+bx]?2 1+a?
X \1+a?

1 (-i+a) Cot[% (m+2iArcSinh[a+bx])]
—————2b |-2ArcCos[i a] ArcTanh| 4 ] -
\V-1-a? \V-1-a?

(i+a) Tan[? (n+2iArcSinh[a+bx]) ]

(m-2iArcSinh[a+bx]) ArcTanh| 4 |+

\-1-a?
(-i+a) Cot[ (r+2iArcSinh[a+bx])]
ArcCos[i a] +2 i ArcTanh| = |+
\-1-a?
i+a)Tan[l s+ 21 ArcSinh[a + b x] 1 a2 .5 Arcsinh[a+bx]
211Ar‘cTanh[< > [4( H} Log[ 1-a% e ]+
V-1-a? V2 V/bx
(-i+a) Cot[% (m+2iArcSinh[a+bx])]
ArcCos[ia] - 21 |ArcTanh| 4 | + ArcTanh|
V-1-a2
(i+a) TanL‘l (m+21iArcsinh[a+bx]) | | [1'1 1 a2 e%Ar‘cSinh[amx]}
Log _
S V7 bx
(-i+a) Cot[ (m+2iArcSinh[a+bx])]
ArcCos[i a] +2 i ArcTanh| 4 ]
vV -1-a?
Log| | (i+a) (a+1( -1-a? )) [i+Cot[l(7T+211Ar‘csinh[a+bx])}])/
4
(i+a— - Cot| 7T+211Ar‘cSinh[a+bx])] ] -
(—1+a)Cot[l(zr+2i1Ar‘cSinh[a+bx]H
ArcCos[ia] -2 iArcTanh| 4 ]
V-1-a2
Log|[ | (i+a) ( +4/-1-2a? J] (—i+Cot[l(ﬁ+21‘1Ar‘cSinh[a+bx]H])/
4

e
-1-a+J7cOt (m+2iArcSinhfa+bx])]|]+
i PolyLog[Z,—(((—ia+ -1-a2] (i+a+mCot[%(ﬂ+21’1Ar‘cSinh[a+bx}>])J/
1—a+\/7Cot 7r+21'1Ar‘cSinh[a+bx]H]]]—
Polylog|2 [(]la+\/7] (i+a+mCot[4l (7T+21Arcsinh[a+bx])]))/

(_j_a+mCot[i (7r+211Ar‘cSinh[a+bx]HJ])]

Problem 73: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

dx

JAr‘cSinh [a+bx]2
3

X

Optimal (type 4, 235leaves, 14 steps):

bmm‘csinh[a +bx]  ArcSinh[a+bx]?

(1+a2)x 2 x2

+

eArcsinh[a+b x] ] @Arcsinh[a+bx] ]

ab?ArcSinh[a+bx] Log[l - ab?ArcSinh[a + b x] Log[l -

a-+/1+a? a+/1+a?

- +
<1+a2)3/2 (1+a2)3/2

gArcsinh [a+b x] }

ab? Polylog|2, eresimle] |

b? Log[x] a-+/1+a2 a+/ 1+a2
+

1+a2 <1+az)3/2 (1+a2>3/2

ab? PolyLog[Z,

Result (type 4, 925 leaves):

b 1+(a+bx)2 ArcSinh[a+bx] ArcSinh[a+bx]2

+

(1+a?) x 2 x?
X -1-a Tanh{%ArcSinh[aer x]w
i ab?ArcTanh| — ] b2 Log[—:fx}
N _
(1+a2)3/2 1+ a2
1 (—i+a)Cot[i(n+21’1Ar‘cSinh[a+bx])]
———————ab? |-2ArcCos[i a] ArcTanh| ] -
(-1-22)*? Vo1-az
(i+a) Tan[} (n+2iArcSinh[a+bx]) ]
(m-21iArcSinh[a+bx]) ArcTanh| 4 |+
V-1-a?
~i+a) Cot[+ (m+2iArcSinh[a+bx]) ]
ArcCos[1 a] +2]’1Ar'cTanh[ 4 } +
V-1-a?
(i+a) Tan[1 (n+2iArcSinh[a+bx])] [T1- a2 o »Arcsinhlabx]
ZjArcTanh[ 4 } Log[ ]+
Vv-1-a? V2 V/bx
(-i+a) Cot[% (;+2iArcSinh[a+bx]
ArcCos[ia] - 21 |ArcTanh| 4 | + ArcTanh|
V-1-a2
(i+a) TanL‘l (m+21iArcsinh[a+bx]) | ] [1'1 "1 a7 ey Arcsinh[a+bx] |
og -
V-1-a2 A2 /bx
~i+a) Cot[* (nm+2iArcSinh[a+bx]) ]
ArcCos[i a] +2 i ArcTanh| 4 ]
V-1-a2

Log|

(i+a) (a+1’1 (—1+x/—1—a2)) [J'1+Cot[l (n+2iAr‘cSinh[a+bx]H])/

4
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[i+a—x/—1—a2 Cot[1 (m+2iArcSinhfa+bx])]|] -
a

(—J’l+a)Cot[i(zr+211Ar‘cSinh[a+bx}”}
V-1-a?
( ( +4/-1-2a2 J] (—]].+C0t . (JT+211Ar‘cSinh[a+bx]H])/
—1-a+1/ - Cot 7T+211Ar‘CSinh[a+bx]H ]+
i (PolyLog[Z, —(((—J‘La+ —1—a2] (Ji+a+x/—1—a2 Cot[l (7(+21'1Ar‘cSinh[a+bx}>]))/
4
“i-a+a- Cot [ 7r+21'1Ar‘cSinh[a+bx]H])]—
Polylog|2 [(1a+x/ ](i+a+w/—1—a2 Cot[l(7T+211Ar‘csinh[a+bx])]))/
4

(—J'l—anmCOt[i (n+21‘1Ar‘cSinh[a+bx]H]])]

ArcCos[ia] - 2 iArcTanh|

Log

J].+a

Problem 74: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

JAr‘cSinh [a+bx]2
4

X

Optimal (type 4, 478 leaves, 40 steps):

b2 b 1+(a+bx)2 ArcSinh[a+bx] ab? 1+(a+bx)2 ArcSinh[a + b x]
_ ~ . )
s (1037 s (1ea) RS
a? b3 ArcSinh[a + b x] Log[lf m]
ArcSinh[a+bx]2 a[10a?
3x3 (1+a2>5/2

b3 ArcSinh[a + b x] Log[l -

@Arcsinh[asbx] ]

a? b3 ArcSinh[a + b x] Log[l -

eArcsinh[asbx] ]

+ —
3 (1+a2)%? (1+a2)5/2
b3 ArcSinh [a+bx] Log [1 _ @Aresinn[a:bx] a2 p3 PolyLog [2, gArcsinh[aibx] }
af1:22 ab3 Log[x] a1ia?
- - +
3 (102 1.0 PWeET
b3 POlyLOg 2 ghresinnlabx] a2 b3 POlyLOg 2 gAresinh[abx] b3 POlyLOg 2 @Aresinh [asbx]
[ , ay1+a? } [ ' a*\/m ] [ ’ a+\/m ]
+ _
3 (1+a2)3/2 <1+a2>5/2 3 <1+a2>3/2

Result (type 4, 2153 leaves):
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o3 1+(a+bx)2 ArcSinh[a+bx]
. 3 (1+22) b2 ’

ArcSinh[a+bx]?2 -1-a?+3a/1+ (a+bx)? ArcSinh[a+bx]

+ —

3b3x3 3 (1+a2)%bx
. AI"CTanh[7173Tanh{£Ar‘CSinh[a+wa]
. it
alog[1-22] ) S )
(1+a%)? 3(1+a%)? V1+a?
1 " (—i—a)Cot{l(l—iAr‘cSinh[aerx})}

— |2 (f—jAr‘cSinh[aerx} ArcTanh | 2 12 |-

-1-a2 2 V-1-a?

(-i+a) Tan[i (f—]‘lArcSinh[aerx])]

2ArcCos[1i a] ArcTanh]|

] +

-1-2a?
(-i-a) Cot[l(ﬂ—iAr‘cSinh[a+bx})]
ArcCos([ia] -21i |ArcTanh| 2 2 ] -
V-1-a?
~i+a)Tan[% (£ - 1iArcSinh[a+bx]
Ar‘cTanh[< ) [2 (2 )]]
V-1-a?
(l+ Ji_) NEE Y e,i,]-l (%—J‘LAr‘cSinh[aerx])
Log[ 2 2 ]+
' b x
(-i-a) Cot[l(ﬂfjAr‘cSinh[aerx})]
ArcCos([ia] +21i |ArcTanh| 2 2 ] -
V-1-a?
~i+a)Tan[% (Z_-1iArcSinh[a+bx]
Ar‘cTanh[< ) [2 <2 )]
V-1-a?
(l+ jl_) meii (;iﬂiAr'cSinh[aerx])
Log| 2 2 ] -
b x

ArcCos[ia] +2iArcTanh|

[ﬂifafx/flfaz Tan|

[E -1 ArcSinh[a + b x]
2

-i+a) Tan[i (ffjAr‘cSinh[aerx])] ]]

(27 1 ArcSinh[a + b x]
2

K

Log[1- (1’1 (7a7]1 -1-a2

[7jfa+«/717a2 Tan|

N |

1)/

N R —
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(-i+a)Tan[2 (ﬂ—iAr‘cSinh[aerx})}
~ArcCos[i a] +2 i ArcTanh| 2 12 ]

Log[1 - (Ji (—a+im [—]'].—a—\/—l—az Tan{% (g—iAr‘cSinh[aerx}J]]]/

|
[—i—a+«/—1—a2 Tan[% (g—iAr‘cSinh[a+bx1)})} +1 (PolyLog[Z,
[]i [—a—ix/—l—az] (—Ji—a—x/—l—az Tan[1 (E—JiAr‘cSinh[a+bx]]]])/

2 \2
(—J‘l—a+\/—1—a2 Tan[1 (z—jAr‘cSinh[anbx] ]]] - Polylog|2,
2 \2
[]i [—a+1‘1\/—1—a2] (—]'l—a—\/—l—az Tan[l (I—jAr‘cSinh[a+bx] ]])/
2 \2

(—J’l—a+x/—1—a2 Tan[l(z—jAr‘cSinh[aerx]]]J]) +
2

2

—1—aTanh{;ArcSinh[a+bx]w}

i 7 ArcTanh|

1 / 1+a? 1

2a% |- -

3(1+a%)? NE Y Jo1_a?

-i-a) Cot[% (f—iAr‘cSinh[aerx])}

V-1-a?

2 (E -1 ArcSinh[a+ bx]) ArcTanh |
2

] -

(-i+a) Tan[i (g—jAr‘cSinh[a+bx])}

2 ArcCos[1i a] ArcTanh [

} +

(-i-a)Cot[? (ﬂfjAr‘cSinh[a+bx])}
ArcCos([ia] -21i |ArcTanh| 2 2 ] -
~i+a)Tan[% (£ -1iArcSinh[a+bx]
Ar‘cTanh[( ) [2 (2 H
(; . ]1_) meéi (%ﬂiAr‘cSinh[aerx])
Log{ 2 2 ]+
Vb x

-i-a) Cot[i (ffjAr‘cSinh[a+bx]H
V-1-a2
-i+a) Tan[i (i—]‘lAr‘cSinh[a+bx]H |
V-1-a?

ArcCos[ia] +21i |ArcTanh|

] -

ArcTanh [
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Log

[ (% . i) meﬁﬂ (g—iAr‘cSinh[aerx]) }

Vb x
(—i+a)Tan[l(ﬂ—iAr‘cSinh[a+bx}>]
ArcCos[i a] + 2 i ArcTanh| 2 12
\-1-a?
Log{l—[j (—a—iw—l—azj (—J’l—a—x/—l—a2 Tan[l[E—iAr‘cSinh[a+bx])}])/
2 \2
(—J’l—a+x/—1—a2 Tan[l(E—JiAr‘cSinh[aerx]]]J]4r
2 \2
(—Ji+a)Tan[l(E—JiAr‘cSinh[a+bx])]
~ArcCos[i a] +2 i ArcTanh| 2 12
vV -1-a?
Log[l—[j (—aﬂix/—l—az (—i—a—x/—l—az Tan[l[z—iAr‘cSinh[a+bx] }])/
2 \2

PolyLog|2,

|
(—Ji—a+x/—1—a2 Tan[% (g—jAr‘cSinh[aerx])]J] +1
(Ji (—a—ix/—l—az) [—J‘L—a—\/—l—az Tan{l (E—iAr‘cSinh[aerx})])]/

2 \2
[—Ji—a+x/—1—a2 Tan[l (E—iAr‘cSinh[a+bx})})} - Polylog|2,
2 \2
(Ji (—a+ix/—1—a2) [—]'].—a—\/—l—az Tan{l (E—iAr‘cSinh[aerx})])]/
2 \2

[_j_a+m1—an[l (I—iAr‘cSinh[a+bX})})}]

2 12

Problem 78: Unable to integrate problem.

ArcSinh[a+bx]3
j dx

X

Optimal (type 4, 275leaves, 13 steps):
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1 eAr‘cSinh[a+b x]
- = ArcSinh[a+bx]*+ArcSinh[a+bx]®Log[l- ——————] +
4 a-+\V1+a?
eAr‘cSinh[a+b X] eAr‘cSinh[a+b X]
ArcSinh[a+bx]®Log[1- —————] +3ArcSinh[a+bx]?PolyLog[2, ———— | +
a+V1+a? a-Vi1+a?
eArcSinh[a+b X]
3ArcSinh[a+bx]?PolyLog[2, ————| -
a+V1+a?
<eAr‘cSinh[a+b x] eAr‘cSinh[a+b x]
6 ArcSinh[a + b x] PolyLog[3, ——————] - 6 ArcSinh[a + bx] Polylog[3, ————|
a-V1+a? a+V1+a?
eAr‘cSinh[aer X] eAr‘cSinh[a+b x]
6 Polylog[4, ——— | + 6 Polylog[4, ———— |
a-V1+a? a+V1+a?
Result (type 8, 14 leaves):
ArcSinh[a+bx]3
j dx
X
Problem 79: Unable to integrate problem.
ArcSinh[a+bx]3
J dx
2
Optimal (type 4, 268 leaves, 13 steps):
3bArcSinh[a+bx]?Log[1- m]
ArcSinh[a+bx]3 ay/1+a2
- - +
X V1+a?
3bArcSinh[a+bx]? Log[l - m] 6 b ArcSinh[a + b x] PolyLog[Z, w]
a+v/ 1+a° a-+/1+a?
- +
. Arcsinh[a+b x|
6 b ArcSinh[a + bx] PolylLog|2, &———
[ ’ a+/ 1+a2 ]
.
V1+a?
6b PolyLog [3 eArcsinh[a+b x] } 6b PolyLog [3 eArcsinh[a+b x] }
’ a-+/ 1+a? ’ a+/ 1+a?
V1+a? V1+ a2

Result (type 8, 14 leaves):

X

JAr‘cSinh [a+bx]3 4
2

X

Problem 80: Unable to integrate problem.

ArcSinh[a+bx]3
J dx

x3

Optimal (type 4, 514 leaves, 21 steps):
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3b2ArcSinh[a+bx]?2 3b\/1+(a+bx)2 ArcSinh[a+bx]? AprcSinh[a+bx]3
- - +

2(1+a2) 2(1+a2)x 2 x2

gArcsinh[a+b x| ] gArcsinh[a+b x|

3ab?ArcSinh[a+bx]2Log|1 -

a-+/ 1+a? a-+/1+a?

1+a? 2(1+a2)3/2

3b2ArcSinh[a+bx] Log|[1 -

eArcsinh[a+b x] ] eArcsinh[a+b x]

3ab?ArcSinh[a+bx]2Log|1-

a+\/1+a? a+/ 1+a?

1+ a2 2(1+a2)3/2

3 b2 ArcSinh[a + b x] Log[l -

gArcsinh [a+b x] } eAresinh[asbx]

3ab2ArcSinh[a+bx] PolylLog [2,

a-4/ 1+a? a-+/1+a?

14+ 32 <1+a2)3/2

3 b2 PolylLog [2,

eAr‘cSinh[awbx] } eArcSinh[a-bx]

3ab?ArcSinh[a+bx] Polylog|2,

a+y/ 1+a? a+/ 1+a?

1+ a2 <1+a2)3/2

3 b2 PolyLog|2,

3ab? POlyLOg [3) ghresinh[a+bx] ] gArcsinh[asbx]
a—\/m a+/ 1+a?

<1+a2>3/2 <1+a2)3/2

3ab?Polylog|3,

Result (type 8, 14 leaves):

dx

JAr‘cSinh [a+bx]3

X3
Problem 94: Unable to integrate problem.
JXZ (a+bArcSinh[c+dx])"dx

Optimal (type 4, 545 leaves, 22 steps):

| 55
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a+bArcSinh[c+dx] ™"

1 3a
= 3-1n gy (a +bArcSinh[c +d x] )n

8d3 b
3 (a+bArcSinh[c+dx] 1 2a
Gamma[1+n, - ( ) | - 72‘2‘”ce’T (a+bArcsinh[c+dx])"
b d
a+bArcSinh[c+dx] ™" 2 (a+bArcSinh[c+dx]) 1
- Gamma[1+n, - |-
b b 8d3
_2 . n a+bArcSinh[c+dx] ™" a+bArcSinh[c +dx]
ev (a+bArcSinh[c+dx]) (— Gamma[1+n, - |+
b b
1, 2 . n{ a+bArcSinh[c+dx] ™"
——c?e» (a+bArcSinh[c+dx]) [—
2d3 b
a+bArcSinh[c +dx] 1
Gamma[1+n, - ] +
b 8 d?
b . n (@+bArcSinh[c+dx] ™" a+bArcSinh[c+dx] 1
e*’® (a+bArcSinh[c+dx]) [ Gamma [1+n, |- —
b b 2d3
a+bArcSinh[c+dx] ™" a+bArcSinh[c+dx
c? e (a+bAr‘cSinh[c+dx])”( : [c+dX] Gamma[1+n, : e+ ]]7
b b
1_, 2a . n (@a+bArcSinh[c+dx] ™"
—2%"cen (a+bAr‘c51nh[c+dx]) (
d? b
2 (a+bArcSinh[c +dx] 1 3a
Gamma[1+n, ( ) | -—3%"es (a+bArcSinh[c+dx])"
b 8d?
-n 3 (a+bArcSinh[c+dx])

Gamma |1 +n,

}

(a+bAr‘cSinh[c +dXx]
b

b
Result (type 8, 18leaves):

sz (a+bArcSinh[c+dx])"dx

Problem 126: Unable to integrate problem.
J(ce+dex)"‘ (a+bAr‘cSinh[c+dx})2dlx
Optimal (type 5, 187 leaves, 3 steps):

(e (c+dx))*" (a+bArcSinh[c+dx])? )
de (1+m)

(Zb (e (c+dx))2”" (a+bArcSinh[c+dx]) Hyper‘geometr‘icZFl[l, 2+m, 4+m, —(c+dx)2})/
2 2 2
(de® (1+m) (2+m)) +

(2 b® (e (c+dx) )3”" Hyper‘geometr‘icPFQ[{l,

N w

(de’ (1+m) (2+m) (3+m))

Result (type 8, 25leaves):

J(ceerex)’" (a+bArcSinh[c+dx])?dx
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Problem 132: Result unnecessarily involves imaginary or complex numbers.

(a+bArcSinh[c +dx] )2
J dx
ce+dex

Optimal (type 4, 115leaves, 8steps):
(a+bArcSinh[c+dx] )3 (a+bArcsinh[c+dx] )2 Log[1 - e2Arcsinhlcrdx] |
i 3bde : de :
b (a+bArcSinh[c+dx]) PolyLog[2, e2Arcsinhicxdx] | p2 polylog|3, e2Arcsinhlcidx]

de 2de

Result (type 4, 152 leaves):

a’log[c+dx] +ab

de
(ArcSinh[c+dx] (ArcSinh[c+dx] +2Log[1- e 2Aresinhlcrdx]]) _polylog[2, e 2Aresinhlcdx)])
3
i .
b2 ( - = ArcSinh[c+dx]?+ArcSinh[c+dx]? Log|[1 - e2Aresinhicadx) |,
24 3

. 1 .
ArcSinh[c +dx] PolylLog|2, e?Aresinhlc:dxl] _ = polylog[3, e?Arcsinhlcrdx]] ) J
2

Problem 142: Result unnecessarily involves imaginary or complex numbers.

J(a+bAr'cSinh[<:+dx])3 ;
X

ce+dex

Optimal (type 4, 155leaves, 9steps):

(a+bArcSinh[c+dx] )4 (a+bArcsinh[c+dx] )3 Log[1 - e2Arcsinhlcrdx] |
- +

4bde de
3b (a+bArcSinh[c+dx])?PolyLog[2, e2Arcsinhicrdx] ]

+

2de
3b% (a+bArcSinh[c+dx]) PolylLog|3, e?Arcsinhic:dxl ] 33 polylog |4, e?Arcsinhic dx] |

+

2de 4de

Result (type 4, 256 leaves):

(64 @ Log[c+dx] +96a’b (ArcSinh[c+dx] (ArcSinh[c+dx] +2Log[1- e 2Arcsinhlcrdxi]) _
64de

Polylog[2, e 2Arcsinniciax] ||
8ab? (is°-8ArcSinh[c+dx]®+24ArcSinh[c+dx]? Log[1 - e?Aresinhlcrdx]]

24 ArcSinh[c +d x] Polylog[2, e?Aresinhic:dxI] _ 12 polylog[3, e?Arcsinhlcrdx]]) 4
b® (n* - 16 ArcSinh[c +dx]* + 64 ArcSinh[c + d x]® Log[1 - e?Aresinhlerdx] ]

96 ArcSinh[c + dx]? Polylog|2, e?Aresinhlcrdx]] _

96 ArcSinh[c + d x] Polylog[3, e?Aresinnicsdx] | . 48 polylog|4, e?Arcsinhlcrdx]]))
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Problem 145: Result more than twice size of optimal antiderivative.

J(a+bAr‘cSinh[c+dx])3
dx

(ce+dex)4

Optimal (type 4, 261 leaves, 16 steps):

b? (a+bArcSinh[c+dx]) b 1+<c+dx)2 (a+bAr‘cSinh[c+dx])2

de4<c+dx) 2de4(c:+dx)2

(a+bArcsinh[c+dx])® b (a+bArcSinh[c+dx])?*ArcTanh|eArcsinhicdx] ]

+ —

3de“(c:+dx)3 d et

b*ArcTanh[/1+ (c+dx)* | b2 (a+bArcsinh[c+dx]) Polylog[2, -eAresinhicdx]]
. _
de* de*

b? (a+bArcSinh[c+dx]) PolylLog|2, eArcsinhic+dx] ]|

de?

b3 PolylLog [3, _ ghresinh[c+dx] } b3 PolylLog [3, eAresinh[c+dx] ]
+
d e4 d e4

Result (type 4, 694 leaves):
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a3 a?by/1+c2+2cdx+d*x? a?bArcSinh[c+dx] a?bloglc+dx]
- - - +

_3de4(c+dx)3 2de4(c+dx)2 de“(c+dx)3 2de?

aZbLog[1+\/1+c2+2cdx+d2x2] 1
.
2de? 8de?

a b2 _8 PolyLog [2, _ e—Ar‘cSinh[c+d X] ] _

1
;2 (—2+4Ar‘cSinh[c+dx]2+2Cosh[2Ar'cSinh[c+dx}] -3 (c+dx) ArcSinh[c +dx]

(c+dx)
Log[1- e Aresinlcdxl] 4 3 (¢4 dx) ArcSinh[c+dx] Log|[1+e Aresinhlcrdxl ] _
4 (c+dx)?Polylog[2, e resinnle=dxl ], 5 ArcSinh([c +d x] Sinh[2ArcSinh[c+dx]] +
ArcSinh[c +dx] Log[1 - e Aresinhlexdx] | sinh[3 ArcSinh[c+dx]] -

ArcSinh[c +dx] Log[1+ e Aresinhlerdx] ] ginh[3 ArcSinh[c +d x] ] ) +

1
48 d e*

1
b* | -24 ArcSinh[c +d x] Coth[ = ArcSinh[c +dx] | + 4 ArcSinh[c +dx]?
2

1 1
Coth[ = ArcSinh[c +dx] | - 6 ArcSinh[c +d x]? Csch| = ArcSinh[c + d x] ]2 -
2 2

(c+dx) ArcSinh[c +dx]?Csch [%Ar‘csinh [c+dx] }4 -

24 ArcSinh[c+dx]? Log[1 - e Aresinhlesdx] ], 24 ApcSinh[c + d x]? Log[1 + e Aresinhlerdx] ]
48 Log|[Tanh| % ArcSinh[c+dx] || - 48 ArcSinh[c +d x] PolyLog |2, —e Aresinhlcrdx |,

48 ArcSinh[c +d x] Polylog|2, e Arcsinhlcrdxl] _ 48 polylog|3, -e Arcsinhicrdx]]

. 1
48 Polylog[3, e Aresinhlcxdx] ] _ g ApcSinh[c +d x]? Sech[ = ArcSinh[c + d x] ]2 -
2

16 ArcSinh[c + d x]3 Sinh[%Ar‘cSinh[c +dx] ]4

+

<C+dx>3

1 1
24 ArcSinh[c +dx] Tanh| = ArcSinh[c+dx] | -4 ArcSinh[c +dx]3 Tanh[ = ArcSinh[c + d x] |
2 2

Problem 151: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bAr‘cSinh[c+dx])4
dx

ce+dex

Optimal (type 4, 186 leaves, 10 steps):



60 | Mathematica 11.3 Integration Test Results for 7.1.5 Inverse hyperbolic sine functions.nb

(a+bArcSinh[c+dx] )5 (a+bArcsinh[c+dx] )4 Log[1 - e2Arcsinhlcrdx] |

- + +
S5bde de

2b (a+bArcSinh[c+dx] )’ PolyLog[2, e2Arcsinhic+dx] ]
de

3b% (a+bArcSinh[c+dx] )2 Polylog|3, e2Arcsinhlcrdx] ]
de :

3b* (a+bArcSinh[c+dx]) PolylLog[4, e?Arcsinhic:dxl ] 34 polylog|5, e2Arcsinhic dx] |
de : 2de

Result (type 4, 390 leaves):

16 a* Log[c +d x] +32a’b (ArcSinh[c+dx] (ArcSinh[c+dX] +2Log[1- e 2Arcsinhlcrdxl]) _
lede

PolylLog +
4a’b? (i -8ArcSinh[c+dx]?+24ArcSinh[c+dx]? Log[1 - e?Aresinhlcrdx]]

24 ArcSinh[c +d x] Polylog[2, e?AresinhicrdxI] _ 12 polylog[3, e?Arcsinhlcrdx]]) 4
ab® (n* - 16 ArcSinh[c +d x]* + 64 ArcSinh[c + d x]? Log |1 - e2Aresinhicxdx) |

96 ArcSinh[c +d x]? PolyLog |2, e?Aresinhlcrdx) ] _

96 ArcSinh[c + d x] PolylLog [3, g2 Arcsinh[c+dx] ] +48 PolyLog [4, @2 Arcsinhlcrdx] ] ) +

i 1 . . .
—— - —ArcSinh[c +dx]®+ArcSinh[c +dx]* Log[1 - e2Aresinhlerdx] ],
160 5

2 ArcSinh[c +dx]3Polylog[2, e?Aresinhlerdx] ] _
3 ArcSinh[c +dx]2Polylog[3, e2Arcsinhlcsdx]]

{2) e—ZAr‘cSinh[c+d x] ] )

16 b* | -

. 3 .
3ArcSinh[c +dx] Polylog[4, e2Arcsinhlctdxl] _ = polylog[5, e2Arcsinhlc dx]] } )
2

Problem 152: Result more than twice size of optimal antiderivative.

j(aerAr‘cSinh[c+dx})4 4
X

(ceerex)2

Optimal (type 4, 234 leaves, 13 steps):
(a+bArcSinh[c+dx] )4 8b (a+bArcSinh[c+dx] )3 ArcTanh [ gAresinhlcrdx] |
de? (c+dx) de?

12b% (a+bArcSinh[c+dx])?Polylog|2, - eArcsinhicrdx] |
de?

12b? (a+bArcSinh[c+dx])?PolyLog[2, eArcsinhic+dx]]

+

+

de?
24b* (a+bArcSinh[c+dx]) Polylog[3, -eArcsinhlcdx]]
de? )
24b* (a+bArcSinh[c+dx]) PolylLog|3, eArcsinhic dx] ]
de? )

24 b4 PolylLog [4, _ @Arcsinhfc+dx] ] 24 b* PolylLog [4) eArcsinh[c+d x] }
+

de? de?
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Result (type 4, 510leaves):
1 2a%

e
2de? c+dx

ArcSinh[c +d x]

+
c+dx

Log|~ (c+dx) Csch[lAr‘cSinh[c+dx}H —Log[Sinh{lAr‘cSinh[c+dx}H) +12 a%b?
2 2 2
. ArcSinh[c +d x]
(Ar‘c51nh[c+dx} (—
c+dx

+2Log [1 _ @ Arcsinh[c+dx] } -2Log {1 + @ Arcsinh[c+dx] ] ] .
2 Polylog [2, _ @ Arcsinh[c+dx] } -2 Polylog [21 @-Arcsinh[c+dx] ] ] .

g 2 b ArcSinh[c +dx]3
a —

+3ArcSinh[c+dx]?Log |1 - e Aresinhlerdx)]
c+dx

3ArcSinh[c +dx]?Log[1+eArsinhicsdx] ], 6 ArcSinh[c + dx] Polylog[2, - e Aresinhlcrdx]] _
6 ArcSinh[c +d x] PolylLog|2, e Aresinhlcrdxl]

6 PolylLog [3J _ @ ArcSinh[c+dx] } - 6 Polylog [3’ @ Arcsinh[c+d x] ] J +

2 ArcSinh[c +d x]*
b* | 7* - 2 ArcSinh[c+d x]*% - [c+dx]

- 8ArcSinh[c+dx]? Log[1+ e Aresinhlerdx]]
c+dx

8 ArcSinh[c +dx]3 Log[1 - etresinnicrdx] 4 24 ArcSinh[c +d x]2 PolyLog[2, - e Aresinhlcrdxi]
24 ArcSinh[c +dx]? Polylog|2, efresinhlcsdx] ], 48 ArcSinh[c +d X]

PolyLog[3, —eArsinhlc+dx] ] _ 48 ArcSinh[c +d x] PolyLog|[3, efresinhicsdx]]

48 Polylog [4J _ @ ArcSinh[c+dx] ] + 48 Polylog [4, @Aresinh[c+dx] } ]

Problem 153: Result unnecessarily involves imaginary or complex numbers.
J(a+bAr‘cSinh[c+dx])4

(ce+dex)3

dx

Optimal (type 4, 186 leaves, 10 steps):

2b (a+bArcSinh[c+dx])® 2b

del

1+ (c+dx)2 (a+bAr‘cSinh[c+dx])3
de (c+dx)

(a+bArcSinh[c +dx] )4

6b? (a+bArcSinh[c+dx] )2 Log[1 - e2Arcsinhcrdx] |
+
2de® (c+d x)2

.
de3

6b> (a+bArcSinh[c+dx]) PolylLog|2, e2Arcsinhlc+dx] | 34 polylog|3, e2Arcsinhlctdx] |

de3

Result (type 4, 360 leaves):

de3
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1 2 a* 8a3b\/1+(c+dx)2 8a3bArcSinh[c+dx] 2b*ArcSinh[c+dx]*

4de? <c+dx)2 c+dx (C+dx)2 (c+dx)2

+

1+ (c+dx>2 ArcSinh[c+dx] ArcSinh[c +d x]?2

24 a% b? +Log[c+dx] | +

c+dx 2(c+dx>2

3,/1+ (c+dx)* ArcSinh[c+dx]

8 ab® |ArcSinh[c +dx] |3 ArcSinh[c+dXx] -
c+dx

ArcSinh[c +dx]?

(c+dx)2

+6 Log [1 _ (efZAr*cSinh[ud x] ]

_3 POlyLOg [2’ eszr'cSinh[Cer X] ]

+

8 1+(c+dx)2 ArcSinh[c+dx]3
b* |1 73 - 8 ArcSinh[c +dx]3 - +
c+dx

24 ArcSinh[c +dx]? Log[1 - e?Aresinhlerdx] ],

24 ArcSinh[c +d x] PolylLog[2, e?Aresinhicidx]] _ 17 polylog|3, e?Arcsinhicrdx]]

Problem 154: Result more than twice size of optimal antiderivative.

J(a+bAr'cSinh[c+dx])4 ;
X

(ceerex)4

Optimal (type 4, 385leaves, 21 steps):
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2b? (a+bArcSinh[c+dx])? 2b+/1+ (c+dx)® (a+bArcSinh[c+dx])>

de* (c+dx) 3de“(c+dx)2

(a+bArcSinh[c +dx] )4 8b (a+bArcSinh[c+dx]) ArcTanh [ gAresinhic-dx] |

- +

3de“(c+dx)3 de?

4b (a+bArcSinh[c+dx]) 3 ArcTanh [@Aresinhlesdx] | 4 b4 polylog|2, -eAresinhictdx] ]
3de* ) de?
2b? (a+bArcSinh[c+dx] )2 PolylLog[2, - eArcsinhlcrdx] |
de*
4 b* Polylog [2, @Arcsinhcrdx] ] 2 b2 (a +bArcSinh[c +dx] )2 PolylLog [2, @hresinh [crd x] ]

+

+

de* de*
4b* (a+bArcSinh[c+dx]) Polylog[3, -ehresinhicrdx]]
de* '
4b* (a+bArcSinh[c+dx]) Polylog|3, eArcsinhic dx] |
de* :
4 b*Polylog [4, — @Arcsinh[crd x] } 4 b* PolylLog [4, @Arcsinh[crd x] }
de* ) de*

Result (type 4, 1198 leaves):

a4
+

_3de4 (c+dx)3

1 . 1
a’b® |-8Polylog|2, -eAresinhlerdx] ] _ 2 (—2+4Ar‘cSinh[c+dx}2+

4de* (C+dx)
2 Cosh[2ArcSinh[c+dx]] -3 (c+dx) ArcSinh[c +dx] Log[1 - e Aresinhlcrdx]]
3 (c+dx) ArcSinh[c +dx] Log |1+ e Aresinnlcdxl ] _ 4 (¢ +dx)3
PolylLog[2, e Aresinhic+dx]] 4 3 ApcSinh[c +d x] Sinh[2ArcSinh[c+dx]] +
ArcSinh[c +dx] Log[1 - e Aresinhlcxdx] | sinh[3 ArcSinh[c+dx]] -

ArcSinh[c +dx] Log[1+ e Aresinhlcxdx] ] ginh[3 ArcSinh[c +d x] ] ) +

1
12de*

1
ab’ |-24ArcSinh[c+dx] Coth| = ArcSinh[c+dx]] +
2

1
4 ArcSinh[c+dx]?Coth|[ = ArcSinh[c+dx] ]| -
2

1
6 ArcSinh[c +dx]2Csch| = ArcSinh[c +dx] }2 -
2

. 3 1 . 4
(c+dx) ArcSinh[c +dx]>?Csch [ = ArcSinh[c+dx]]| -
2
24 ArcSinh[c +dx]? Log[1 - e Aresinhlcsdx]]
. 1
24 ArcSinh[c +dx]? Log[1+ e Aresinhlcsdx]] 4 48| og[Tanh| = ArcSinh[c+dx]]] -
2

48 ArcSinh[c + d x] PolylLog|2, - e Arcsinhlcrdx]]
48 ArcSinh[c +d x] Polylog |2, e Aresinhlcrdx] | _ 48 polylog|3, —e Arcsinnicdx]]
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48 Polylog|3, e Aresinhlcrdx] | _ g ArcSinh[c +d x]? Sech[ Arcsinh[c+dx]]’ -
2

16 ArcSinh[c +d x]3 Sinh[iAr‘cSinh[c +dx] ]4

<C+dx>3

1
24 ArcSinh[c +d x] Tanh[fAr‘cSinh[c+dx]] -4 ArcSinh[c+dx]3 Tanh[ Ar‘c51nh[c+dx}] +
2 2

1
" b* | -2 7% + 4 ArcSinh[c + d x]* - 24 ArcSinh[c + d x]? Coth[ ArcSinh[c+dx] | +
24de 2

2 ArcSinh[c +dx]* Coth[ ArcSinh[c+dx] | - 4ArcSinh[c+dx]3Csch| = Ar'c51nh[c+dx]]2—
2 2

1
— (c+dx) ArcSinh[c+dx]*Csch| = Ar‘c51nh[c+dx]]4+
2 2

96 ArcSinh[c + d x] Log |1 - e Aresinhlcsdxl | _ g6 ApcSinh[c +d x] Log[1 + e Aresinhlerdx] ],
16 ArcSinh[c + d x]° Log [1 + @ Arcsinh{c+dx] ] 16 ArcSinh[c + d x]3 Log[ ehresinhc+dx] } _
48 (-2 +ArcSinh[c+dx]?) Polylog|2, - e Aresinhlcrdx] ] _

96 PolylLog[2, e Aresinhlesdx]] _ 48 ArcSinh[c +d x]? PolylLog[2, eAresinhlerdx] ]

96 ArcSinh[c + d x] Polylog|3, - e Aresinhlerdx]]

96 ArcSinh[c + d x] PolyLog|3, eA”s”‘h [exdx] ] _ 96 POlyLog[ _ e Aresinhlcsdx] ]

96 PolyLog |4, eAresinhicrdxl ] _ 4 ApcSinh[c +d x]3 Sech [ ArcSinh[c +d x] }2 -
2

8 ArcSinh[c + dx]4Sinh[iAr‘cSinh[c +dx] }4

+24 ArcSinh[c +d x]2
3
(C +d X)

1
Tanh[ = ArcSinh[c+dx] | - 2ArcSinh[c+dx]* Tanh[ ArcSinh[c+dx] ]| +

2 2
1, (1 ) 1 ] 1 1 , 2
——4a’b | — ArcSinh[c +d x] Coth|[ = ArcSinh[c+dx] ] - — Csch| = ArcSinh[c+dx] ]| -
de* 12 2 24 2

1 1 1
— ArcSinh[c+dx] Coth[ = ArcSinh[c+dx] | Csch[ = ArcSinh[c +d x] }2 +
24 2 2

1 1 1 1

- Log[Cosh[;Ar‘cSinh[c +dx]]] - < Log[Sinh[;Ar‘cSinh[c +dx]]] -

6

1 1 . 2 1 . 1 .

— Sech|[ = ArcSinh[c+dx]| - — ArcSinh[c+dx] Tanh| = ArcSinh[c +dx]] -
24 2 12 2

1 1 1
— ArcSinh[c +d x] Sech[fAr‘cSinh[c +d x] ]2 Tanh[fAr‘cSinh[c +d x] ]
24 2 2

Problem 200: Result more than twice size of optimal antiderivative.

J(ce+dex)2 (a+bArcSinh[c+dx])”?dx

Optimal (type 4, 481 leaves, 35 steps):
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175b%e?/1+ (c+dx)? Va+bArcSinh[c+dx]

54 d
35 b3 e? (c+dx)2m\/a+bm‘csinh[c+dx]
216d
35b2e? (c+dx) (a+bArcSinh[c+dx])*? 35b%e? (c+dx)® (a+bArcSinh[c+dx])*?
18d : 1e8d :
7be2\/1+(c%dx)2<a+bAr‘cSinh[c+dx])5/2
9d

7 be? (c+dx)2 1+ (c+dx)2 (a+bAr‘cSinh[c+dx])5/2

+

18d

7/2 A2 b a+b ArcSinh[c+d x]
e? <c+dx)3 (a+bAr‘cSinh[c+dx])7/2 1e5b7/% e e \/?EP'F[ NS ]

- +

3d 128d

3a s a N
35 p7/2 ez i~ T Eprf A/ 3 a+b ArcSinh[c+d x] 105 p7/2 ez Y I Erfi a+b ArcSinh[c+d x]
R [ Vb } © " [ Vb ]

- +

3456 d 128d

3a :
35 b7/2 e2 . T Epfi V3 /m
e v 5 Erfi] o ]

3456 d

Result (type 4, 1095 leaves):
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1
16368 d

e? |2592a3c+/a+bArcSinh[c+dx] +22680ab?c+/a+bArcSinh[c+dx] +

2592 a3dx+a+bArcSinh[c+dx] +22680ab?dx~/a+bArcSinh[c+dx] -

9072a2b\/1+c2+2cdx+d2x2 vJa+bArcSinh[c + dx] —34020b3\/1+c2+2cdx+d2x2
vJa+bArcSinh[c+dx] +7776a?bcArcSinh[c+dx] va+bArcSinh[c+dx] +
22680 b? c ArcSinh[c +dx] v/a + bArcSinh[c+dx] +7776a?bdxArcSinh[c +dx]
vJa+bArcSinh[c+dx] +22680b%dxArcSinh[c+dx] +/a+bArcSinh[c+dx] -

18144ab2\/1+c2+2cdx+d2x2 ArcSinh[c+dx] v/a+bArcSinh[c+dx] +
7776 ab? c ArcSinh[c +dx]2+/a+bArcSinh[c+dx] +
7776 ab®d x ArcSinh[c +dx]%+/a +bArcSinh[c+dx] -

9072b3\/1+c2+2cdx+d2x2 ArcSinh[c+dx]%+a+bArcSinh[c+dx] +
2592 b3 c ArcSinh[c +d x]3+/a+bArcSinh[c+dx] +

2592 b3 d x ArcSinh[c +dx]>+/a+bArcSinh[c+dx] +

1008 a2b+/a + b ArcSinh[c + d x] Cosh[3 ArcSinh[c+dx]] +
420b%+/a+bArcSinh[c+dx] Cosh[3ArcSinh[c+dx]] +

2016 a b ArcSinh[c + d x] \/a + bArcSinh[c +dx] Cosh[3ArcSinh[c+dx]] +
1008 b? ArcSinh[c +dx]2+/a + bArcSinh[c +d x] Cosh[3 ArcSinh[c+dx]] +

\/a+bArcSinh[c+dx] ]

8505 b7/2 \ECosh[i} Erfi|

Vb
3 3 b ArcSinh[c + d
3567/24/3 7 Cosh[ =] Erfi[r\/a+ resimhiexrdx] g
b Jb
b ArcSinh[c + d
8505b7/2v?E|~fi[va+ resImic = aX ) sinn[ 2] -
Vb b
b ArcSinh[c + d
8505 b7/2 1/ Epf| 27 DAPCSInh[c - dx] | [cosn[ 2] +sinn[ *]] «
Jb b b
3 b ArcSinh[c + d 3
35b7/2/3 71 Er‘fi{\/_\/a” resimhic = dX) 1 sinn[ 227 -
Vb b
3 b ArcSinh[c +d 3 3
3567/2/3 70 Er‘-F[\/—\/aJr resimhicrdx] Cosh[—a}rsinh[—a}]f
Jb b b

864 a>+a+bArcSinh[c+dx] Sinh[3ArcSinh[c+dx]] -

840 ab?+/a+bArcSinh[c +dx] Sinh[3 ArcSinh[c+dx]] -

2592 a2 b ArcSinh[c +d x] v/a + bArcSinh[c +dx] Sinh[3 ArcSinh[c+dx]] -
840 b> ArcSinh[c + d x] v/a + bArcSinh[c +dx] Sinh[3ArcSinh[c+dx]] -
2592 a b2 ArcSinh[c +d x]2+/a+bArcSinh[c +dx] Sinh[3 ArcSinh[c+dx]] -

864 b> ArcSinh[c + dx]>+/a+bArcSinh[c +dx] Sinh[3ArcSinh[c +dx]]

Problem 228: Result unnecessarily involves imaginary or complex numbers.

J(ce+dex)7/2 (a+bArcsinh[c+dx]) dx
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Optimal (type 4, 298 leaves, 8 steps):
28be? (e (c+dx))*? \/1+ (c+dx)? 4b(e(c+dx))”? [1+ (c+dx)?
405 d 81d

28be3\/e (c+dx) \/1+ (c+dx)? 2 (e (c+dx))®? (a+bArcSinh[c+dx])
+
135d (1+c+dx) 9de

28be”2 (14 ¢+ dx) | Lelesdxi® E115pt5cE[2 ArcTan [ LEE90 ] 1]
(1+c+d x) \/? 2

135d+/1+ (c+dx)2

14 b e7/2 (1 +C +dx) J@ EllipticF[Z Ar‘cTan[ e lerdn) }, l]
(1+c+d x) Ve 2
135d./1+ (c+dx)?

Result (type 4, 150leaves):

+

d 7/2
3o g (e (c+ x))

4b (—7+5c2+1@cdx+5d2x2) 1+ (c+dx>2

+30b (c+dx) ArcSinh[c+dx] +

[30a(c+dx) 3(c+dx)2

L s (-1)**b (ELlipticE[i Arcsinh[(-1)Y*Vcrdx |, -1] -

(c+dx)7/2

EllipticF[iArcSinh[(-1)Y*+/c+dx |, —1])

Problem 229: Result unnecessarily involves imaginary or complex numbers.
J(ce+dex)5/2 (a+bArcsinh[c+dx]) dx

Optimal (type 4, 177 leaves, 6 steps):

Zebez\/e (c+dx) \/1+ (c+dx)?

147d

4b (e (c+dx))*? 1+ (c+dx)® 2 (e (c+dx))”? (a+bArcSinh[c+dx])
N _

49d 7de

10be5? (1+c+dx) J@Ellipticﬁzm«dan[ eled®) 1, 1]
(1+c+d x) Ve 2
147d~/1+ (c+dx)?

Result (type 4, 149leaves):
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1
dx) )52
14-7(21(e <c+ X))
4b (-5+3c2+6cdx+3d2x?) \/1+ (c+dx)?
42a (c+dx) - +42b (c+dx) ArcSinh[c+dx] -

(C+dx)2

20 (-1)**b[1+ (c+dx)? EllipticF[i ArcSinh|[ 2], 1]
e

c+d x

<C+dx>7/2 1+ (“:X)Z

Problem 230: Result unnecessarily involves imaginary or complex numbers.
J(ce+dex)3/2 (a+bArcSinh[c+dx]) dx
Optimal (type 4, 261 leaves, 7 steps):

4b (e (c+dx>)3/2 1+ (c+dx)2
) 25d

+

12be\/e (c+dx) \/1+ (c+dx)? 2 (e (c+dx))>? (a+bArcSinh[c+dx])
+
25d (1+c+dx) 5de

12be¥? (1+crdx) [ 29X E11ipticE[2 ArcTan | Y E 9] | 1]
(1+c+d x) \/? 2

25d+/1+ (c+dx)2

6be*? (1+c+dx) J@EllipticF[ZArcTan[ e lerdx) s *]
(1+c+d x) Ve 2

25d+/1+ (c+dx)2

Result (type 4, 145leaves):

(e (cdx))??
25d (c+dx)*?

((c+dx)3’/2 (Sa (c+dx) —Zb\/1+c2+2c:dx+d2x2 +5b (c+dx) ArcSinh[c+dx] | -

6 (-1)>*bEllipticE[iArcSinh|(-1)Y*~/c+dx |, -1] +
6 (-1)>*bEllipticF[iArcSinh[(-1)"*~/c+dx ], -1})
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Problem 231: Result unnecessarily involves imaginary or complex numbers.
J\/ce+dex (a+bArcSinh[c+dx]) dx

Optimal (type 4, 142leaves, 5steps):

4b\/e (c+dx) \/1+ (c+dx)2 2 (e <c+dx)>3/2 (a+bArcsinh[c+dx])
- +

N
9d 3de

2be (1+c+dx) % EllipticF[2ArcTan| ei/c;)() I 3]

9d 1+<C+dx>2

Result (type 4, 122leaves):

1 5 .
—dz e(c+dx) [3a(c+dx)-2b+/1+ (c+dx)® +3b (c+dx)ArcSinh[c+dx] +
9

2 (-1)*b+[1+ (c+dx)? EllipticF[i ArcSinh[ 2], _1]

A/ c+d x

(c +dx)3/2 1+ (c+¢::llx)2

Problem 232: Result unnecessarily involves imaginary or complex numbers.
ja+bAr~cSinh[c+dx]

Jce+dex

dx

Optimal (type 4, 223 leaves, 6 steps):

4b\/e(c+dx) \/1+(c+dx)2 2./e(c+dx) (a+bArcSinh[c+dx])
. de (1+c+dx) : de :

4b (1+cwdx) [He90% Elliptick 2 ArcTan| e(;;” ], 2]

d\E«/lJr (C+dx>2

2b (1+c+dx) \/%EllipticF[ZAr‘cTan[ e(jgx) ]» i]
dve \[1+ (c+dx)?

Result (type 4, 111 leaves):
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1
(2 (c+dx) (a+bArcSinh[c+dx]) +

d./e (c+dx)

4 (_1)3/4mellipticE[j Ar‘cSinh[ (—1)1/4W]J ‘1} -
4 (-1)¥*b+/c+dx EllipticF[iArcSinh[(-1)"*+c+dx |, ’1”

Problem 233: Result unnecessarily involves imaginary or complex numbers.

a+bArcSinh[c +dx]
J dx

(ce+dex)3’/2

Optimal (type 4, 106 leaves, 4 steps):

) 2b (1+c+dx) [ 299 E1lipticF[2ArcTan [ Le<9X ] 1]
2 (a+bAr‘c51nh[c+dx}) (Lrc+dx) Je 2

- +

de /e (c+dx) de3/2 1+(c+dx)2

Result (type 4, 104 leaves):

1 , 1
2 |-a(c+dx) -b(c+dx) ArcSinh[c+dx] + —————
d (e (c+dx)>3/2

1
1+ (c+dx)?
(_1>1/4
2 (-1)Y*bcrdx /14 (c+dx)? EllipticF[i ArcSinh[——], -1]
Verdx

Problem 234: Result unnecessarily involves imaginary or complex numbers.
Ja+bAr‘cSinh[c+dx]

dx

(ce+dex)5/2

Optimal (type 4, 266 leaves, 7 steps):



Mathematica 11.3 Integration Test Results for 7.1.5 Inverse hyperbolic sine functions.nb | 71

4b 1+(c+dx)2 4b\/e(c+dx) \/1+(c+dx>2 2(a+bAr‘cSinh[c+dx])
- +

3de? /e (c+dx) 3de’ (1+c+dx) 3de(e<c+dx))3/2

4b (1+c+dx) /% EllipticE[2ArcTan]| e(\/c%dx) B %]

3de’2./1+ (c+dx>2

T (c+ . . +d
2b (1+c+dx) /ﬁi—z E1lipticF [2ArcTan]| e“ﬁ” [> 2]

3de®2./1+ (C+dx>2

Result (type 4, 160 leaves):

—([2 (a+2bc\/1+c2+2cdx+d2x2 +2bdx\/1+C2+2CdX+d2X2 +bArcSinh[c +dx] +
2 (-1)**b (c+dx)*?EllipticE[iArcSinh[(-1)**+/c+dx |, -1] -2 (-1)**b
(c+dx)3/2EllipticF[JiAr‘cSinh[(—1)1/4\/c+dx],—1]) /(Bde(e (c+dx>)3/2))

Problem 235: Result unnecessarily involves imaginary or complex numbers.

a+bArcSinh[c +dx]
J dx

(ce+dex)7/2

Optimal (type 4, 145leaves, 5steps):

4b«/1+<c+dx)2 2 (a+bArcSinh[c+dx])

15de2(e(c+dx>)3/2 5de(e(c+dx))5/2

2b (1+c+dx) \/%EllipticF[zArcTan[ e(jgjx) ], i]

15de’/2./1+ (c+dx)2

Result (type 4, 167 leaves):

2

1+c?+2cdx+d?2x? 5 7 2 .
; (3a+2b(c+dx>\/1+c +2cdx+d°x +3bAr‘c51nh[C+dX])+
(c+dx)

g1/
2 (-1)""b (c+dx)3/2\/1+c2+2cdx+d2x2 EllipticF[iAr‘cSinh[L], -1] /
Ve+dx

Problem 236: Result unnecessarily involves complex numbers and more than

1

de (e (c+dx))?? —_—
{15 le ) ' (c+dx)?
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twice size of optimal antiderivative.

J(ce+dex)7/2 <a+bAr‘cSinh[c+dx])2dlx

Optimal (type 5, 134 leaves, 3 steps):

2(e<c+dx)>9/2 <a+bAr‘cSinh[c+dx])2 1
9de 99 d e2
11/2 . ) 1 11 15 )
8b (e (c+dx)) (a+bArcSinh[c+dx]) Hyper*geometr*lczFl[;, a0 (c+dx)?]+
13 13 15 17
—— 16b2 dx))*?H tricPFQ[ {1, =—, =1, {—, =1, - dx)?
a7 e (e (c+dx)) ypergeometricPFQ| { 2 4 }s | 2 b = (c+dx)?]
Result (type 5, 269 leaves):
1
1 dx) )72
L (e ferax)
1

2a% (c+dx) +4ab (c+dx) ArcSinh[c+dx] - 8ab ((c+dx)3/2 1+ (c+dx)?

45 (c+dx)"?
(-7+5 (c+dx)?| +21 (~1)* [-EllipticE[i Arcsinh[(-1)**Vecrdx ], -1] +
EllipticF[i ArcSinh[(-1)**+/c+dx |, -1])] .

2
— b% (c+dx) ArcSinh[c +dx]
11

11ArcSinh[c+dx] -4 (c+dx) /1+ <c+dx)2

+

_ 13 15 ,
Hypergeometric2F1[1, ——, —, - (c+dx)?]
4 4

[945 b2 n (c+dx)3Hyper‘geometr‘icPFQ[{1, E, E}, {E, E}, - (c+dx)2])/
4 4 4 4

(512 V2 Gamma 1:5] Gamma | 1:7] ]

Problem 237: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(ce+dex)5/2 <a+bArcSinh[c+dx])2dlx

Optimal (type 5, 134 leaves, 3 steps):

2(e<c+dx)>7/2 <a+bAr‘cSinh[c+dx])2 1
7de 63de?
9/2 . X 1 9 13 )
8b (e (c+dx))”* (a+bArcSinh[c+dx]) Hyper‘geometr'lc:ZFl[g, o (c+dx)?]+
11 11 13 15
693de316 b? (e (c+dx))*'?HypergeometricPFQ[ {1, o :}, {:, :}’ ~(c+dx)?]

Result (type 5, 334 leaves):
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1

d 5/2
6174d (e (c+ X>)

2+/1+ (c+dx>2 (—5+3 (C+dx)2)
+21 (c+dx) ArcSinh[c+dx] -

1764 a2 (c+dx) +168ab |-
<c+dx)2

c+d x

10 (-1)"*\/1+ (c+dx)* EllipticF|[i Arcsinh[j’—l_ﬂ], -1]

1
(c+dx)?

(crdx)”? [1+

1 5 5 .
—— b (—1336(c+dx)+1932 1+ (c+dx)® ArcSinh[c+dx] -

<C+dx)2
1323 (c+dx) ArcSinh[c+dx]? - 252 ArcSinh[c + d x] Cosh

1680 /1 + (c+dx)* ArcSinh[c +d x] Hypergeometric2F1|

210+/2 (c+dx) Hyper‘geometr‘icPFQHi, =, 1}, {E,
4’ 4 4

3 ArcSinh[c+dXx]] -

, 1, 45, ~(c+dx)?] +

b~ e=ax)?]] /

PIN DN W

5 7
(Gamma[—] Gamma[—}) +72Sinh[3 ArcSinh[c+dx]] +
4 4

441 ArcSinh[c + d x]2Sinh[3 ArcSinh[c +d x]]

Problem 238: Result unnecessarily involves imaginary or complex numbers.

J(ce+dex)3/2 (a+bArcSinh[c+dx])?*dx

Optimal (type 5, 134 leaves, 3 steps):

2 (e (c+dx))®>? (a+bArcSinh[c+dx])? 1
5de 35d e?
8b (e (c+dx))7/2 (a+bArcsinh[c+dx]) Hyper‘geometr‘icZFl[l, Z, =, - (c+dx)2} +
2 4 4
16 b2 (e (c +dx))*? HypergeometricPFQ[ {1, g, 2}, {E, E}, ~(c+dx)?]
4 4 4 4

315de?

Result (type 5, 251 leaves):
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B

5d

(e <c+dx))3/2 [Za2 (c+dx) —Eab 1+ (c+dx)2 +4ab (c+dx) ArcSinh[c+dx] +;
5 5 (c+dx)>?

24 (-1)**ab -EllipticE[iArcsinh[(-1)Y*Verdx ], -1] +

EllipticF[i ArcSinh[ (-1)"*+/c+dx | )+ b? (c+dx) ArcSinh[c +dx]

\llN

11 "
, :, - (c+dx) 1+
]

/

(7 ArcSinh[c+dx] -4 (c+dx) /1+ (c+d x)2 Hypergeometric2F1|1,

NN

L B - (evdx)

3
4" 4

)

[15 b? 7 (c+dx)3Hyper‘geometr‘icPFQH1, 22
4" 4

. ] Gamma[14—3])

11
(32 \/2 Gamma [—

Problem 239: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/ce+dex (a+bAr‘cSinh[c+dx])2d1x

Optimal (type 5, 134 leaves, 3 steps):

2 (e (c+dx))*? (a+bArcSinh[c+dx])? 1
3de 15 d e?
8b (e (c+dx))>? (a+bArcSinh[c+dx]) Hyper‘geometr‘1c2F1[E E, 3, ~(c+dx)?] +
2 4 4
16 b? (e (c +dx))’/? HypergeometricPFQ[ {1, Z, Z}, {2, E}, - (c+dx)?]
a4’ 4’ 4’ a

105d e3

Result (type 5, 276 leaves):
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1
—_— d
g e(c+ x)

18a® (c+dx) +36ab (c+dx) ArcSinh[c+dx] -24b*/1+ (c+dx)2 ArcSinh[c+dx] +

2b% (c+dx) (8+9ArcSinh[c+dx]2) - |24ab [Vcrdx + (c+dx)®?-
1 (- >1/4

(-1)Y* (c+dx) |1+ ———— EllipticF[iArcSinh[——], -1] /
(crdx)? Verdx

(\/c+dx A1+ (c+dx>2 ) +24b%./1+ (c+dx)2 ArcSinh[c +dx]

i 3 5 2
Hyper‘geometr‘1c2F1[Z, 1, 2 (c+dx)?] -

)

[3 V2 b? 7 (c+dx) HypergeometricPFQ| {

(Gamma [ Z] Gamma | 41} )

Problem 240: Result unnecessarily involves imaginary or complex numbers.

J(aerAr‘cSinh[c+dx1)2 i
X

Vce+dex
Optimal (type 5, 132 leaves, 3 steps):

2./e (c+dx) (a+bArcSinh[c+dx])? 1

de 3de?
8b (e (c+dx) )3/2 (a+bArcSinh[c+dx]) Hypergeometric2F1 l, i, Z, - (c+dx)2] +
2 4 4
16 b? (e (c+dx))5/2 HypergeometricPFQ|[ {1, 5, E}, {Z, g}, - (c+dx)2}
15d e3 4’ 4’7 47 4

Result (type 5, 223 leaves):
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1

12d./e (c+dx) Gamma[i] Gamma[%}
; _ 5 5. 7 9 ,
(Bx/z b? (c+dx)® HypergeometricPFQ[ {1, =, =}, {—, =}, - (c+dx)?] +
4 4 4 4
SGamma[Z] Gamma[g] [12 (-1)**ab~/c+dx EllipticE[iArcSinh[(-1)"*+c+dx ], -1] -
4

12 (-1)**ab+/c+dx EllipticF[iArcSinh[(-1)"*+c+dx ], -1] +

(c+dx) |3 (a+bArcSinh[c+dx])?-2b?ArcSinh[c+dx]

)

Problem 241: Result unnecessarily involves imaginary or complex numbers

, - (c+dx)?] sinh[2ArcSinh[c +dx]]

)

5 7
Hypergeometric2F1[1, ~, —
4 4

(a+bArcSinh[c+dx] )2

J (ce+dex)3/2

Optimal (type 5, 130leaves, 3 steps):
2(a+bAr‘cSinh[c+dx})2 1

_ -
de /e (c+dx) de

8b./e (c+dx) (a+bArcSinh[c+dx]) Hypergeometric2Fi |
> 11,

dx

, - (c+dx)?] -

F Y,

) )

AU AR
P INN R

16b? (e (c+dx))*? Hyper‘geometr‘icPFQ[{i, 3 > —)s - (crdx)?]
4 4

3de?
Result (type 5, 224 leaves):
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1
d(e(c+dx))>?

-2a? (c+dx) +2ab (c+dx)3/2

4 (-1)¥*\[1+ (c+dx)? EllipticF[i ArcSinh[L2], 1]

2 ArcSinh[c +d Xx] Verdx

- + +
crdx (C+dx) 1+ (ujx)z
2 . 3 3 5 7 5
b? (c+dx) |- ([ 2 5 (c+dx)*HypergeometricPFQ[{=, =, 1}, {=, —}, - (c+dx) })/
4’ 4 4’ 4
5 7 ,
(Gamma[—} Gamma[z])) -2 ArcSinh[c +dx]
4

3 5
[Ar‘csinh[c +dx] - 2 Hypergeometric2F1[ =, 1, =, - (c+dx)?]| Sinh[2ArcSinh[c +dx]]

4

|

IN

Problem 242: Result unnecessarily involves imaginary or complex numbers.

J(aerAr‘cSinh[c+dx})2
dx

(ce+dex)5/2

Optimal (type 5, 134 leaves, 3 steps):
2 (a+bAr‘cSinh[c+dx})2
3de (e (c+dx))>?

. . 1 3 2 2
(Sb (a+bArcSinh[c+dx]) Hyper‘geometr‘1c2F1[—Z, I - (c+dx) ]J/ (3de Je (c+dx) |+
16b? /e (c+dXx) Hyper‘geometr‘icPFQHl, 1, 1}, {i, E}, - (c+dx)?]
3de3 4 4 4 4

Result (type 5, 262 leaves):
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1
36de (e (c+dx))3/2

(724 aZ+

48ab(7Ar~cSinh[c+dx}72(c+dx)( 1+ (c+dx)® + (-1)**+Vc+dx (EllipticE[iArcSinh]|

1) eTax ], 1) - ElLiptice i Arcsinn| (1) Verdax ], 1]} -
" 2, - (c+dx)2} -

b (2 2] - (erax)?]] /

>
a4’ a4

b? [32 (c +dx)3 1+ (c +dx)2 ArcSinh[c +d x] Hypergeometric2F1|1,

)

E

(3 N2 (c+d x)4 HypergeometricPFQ[ {1,

NV

(Gamma [ Z] Gamma [ 3}

24 (—8 (c+dx)z+Ar‘cSinh[c+dx}2+2Ar‘cSinh[c +dx] Sinh[2Ar‘cSinh[c+dx}])])

Problem 243: Result unnecessarily involves imaginary or complex numbers.

dx

(a+bArcSinh[c+dx])?
J 72

(ce+dex)

Optimal (type 5, 134 leaves, 3 steps):
2 (a+bArcSinh[c+dx] )2

S5de (e (c+dx))5/2
(8 b (a +b ArcSinh[c + d x] ) Hyper‘geometr1c2F1[

(15de2 e (crdx] )3/2> ) 16 b2 HypergeometricPFQ| { - i, _i, 1}, {‘11_

Result (type 5, 258 leaves):

= 76a2—12abAr‘cSinh[c+dx]—;Sab(cmx)
15de(e<c+dx))5/2 1+(c+dx)2
1 (_1>1/4
1+ (c+dx)?+ (-1)Y* (c+dx)*>? |1+ ———— EllipticF[i ArcSinh| ], -1] | +
<c+dx)2 Ve+dx

b2 [8—6Ar‘cSinh[c +dx]2-8Cosh[2ArcSinh[c+dx]] -

3 2 . . 3 5
8 (c+dx)’/1+ (c+dx)* ArcSinh[c+dx] Hypergeometr‘1c2F1[Z, 1, 2 (c+dx) |+
303 5 7 ,
(\/2 7 (c+dx)*HypergeometricPFQ[{ =, =, 1}, {~, ~}, - (c+dx) ])/
4 4 4 4

5 7
(Gamma[—] Gamma[—}) ~4 ArcSinh[c +d x] Sinh[2 ArcSinh[c +d x]]
4 4
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Problem 245: Attempted integration timed out after 120 seconds.

J(ce+dex)5/2 (a+bArcSinh[c+dx])*dx

Optimal (type 8, 82leaves, 2 steps):

6bInt|<e (c+d x))7/2 (a+b ArcSinh[c+d x])?2
2(e(c+dx)>7/2 (a+bAr‘cSinh[c+dx])3 nt| , x|

1+ (c+dx)?

7de 7e

Result (type 1, 1leaves):

222

Problem 247: Attempted integration timed out after 120 seconds.
J\/ce+dex (a+bAr‘cSinh[c+dx])3dlx

Optimal (type 8, 80leaves, 2 steps):

2b Int [ (e (c+dx))3/? (a+bArcSinh[c+d x])?

2(e(c+dx)>3’/2 (a+bAr‘cSinh[c+dX])3 X

1+ (c+dx)?

3de e

Result (type 1, 1leaves):
???

Problem 251: Attempted integration timed out after 120 seconds.

J<a+bAr‘cSinh[c+dx])3 ;
X

(ce+dex)7/2

Optimal (type 8, 82leaves, 2 steps):

3 6bInt[ (a+b ArcSinh[c+d x])? , x]
2 (2+bArcsinhic +dx)) (e (cox)) 92T eran®
B +
5de (e (c+dx))®? -

Result (type 1, 1leaves):
???

Problem 253: Attempted integration timed out after 120 seconds.

J(ce+dex)5/2 (a+bArcSinh[c+dx])*dx

Optimal (type 8, 82leaves, 2 steps):



80 | Mathematica 11.3 Integration Test Results for 7.1.5 Inverse hyperbolic sine functions.nb

7/2 : 3
8b Int { (e (c+dx))’/* (a+bArcSinh[c+d x])

2 (e (c+dx))”? (a+bArcSinh[c+dx])* X

1+ (c+dx)?

7de 7e

Result (type 1, 1leaves):

2P

Problem 255: Attempted integration timed out after 120 seconds.
J\/ce+dex (a+bArcSinh[c+dx])*dx

Optimal (type 8, 82leaves, 2 steps):

8b Int | lelcxd x) )32 (a+b ArcSinh[c+d x])3
2(e(c+dx)>3’/2 (a+bArcsinh[c+dx])* nt| , x|

1+ (c+dx)?

3de 3e

Result (type 1, 1leaves):

2?7

Problem 259: Attempted integration timed out after 120 seconds.

dx

(a+bArcSinh[c+dx] )4
J 7/2

(ce+dex)

Optimal (type 8, 82leaves, 2 steps):

(a+bArcSinh[c+dx])3
) , 8bInt[—2 E— » x|
2 (a+bAr‘CSlnh[C+dX}) (e (c+dx) )52/ 1+ (cedx)2
- +
5de (e (c+dx))>? 5e

Result (type 1, 1leaves):
22?

Problem 284: Result unnecessarily involves imaginary or complex numbers.

sz ArcSinh[ax?] dx

Optimal (type 4, 101 leaves, 4 steps):

(1+ax2) Lea?x® EllipticF[ZAr‘cTan[\/?x}, l]
2xV1+aZxt 1 (1+ax?)? 2
_exvara X = x?ArcSinh[ax?] +
9a 3 93a33/2+/1 + a2 x4

Result (type 4, 75leaves):
2 (x+a2x%) 2+/ia EllipticF[iArcSinh[v/ia x|, -1]
- ————"+3x*>ArcSinh[ax?] -

1
91 avi+aZxt a?
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Problem 286: Result unnecessarily involves imaginary or complex numbers.

JArcSinh lax?]| dx

Optimal (type 4, 162 leaves, 5steps):

2 (1+ax?) | 22X E1lipticE[2ArcTan[vVa x|, L
2T AT , A AT { [Vax]. 3]
- = +xArcSinh[a x?] + -
l1+ax? Va V1+azxt
1:+a2 x4 . . 1
(1+ax2) lﬁ E111pt1cF[2Ar'cTan[\E x], ;}
\/?\/1+a2 x4
Result (type 4, 59 leaves):
1
x ArcSinh[ax?| -
Via

2 (EllipticE [ Arcsinh[+/ia x], -1] - EllipticF [ ArcSinh[v/ia x], -1])

Problem 288: Result unnecessarily involves imaginary or complex numbers.

JAr‘cSinh[a x2| 5
—_— 2 dx

X2
Optimal (type 4, 75leaves, 3 steps):

Ja (1+ax?) ﬁ EllipticF[ZArcTan[\Ex], ﬂ
+a X

ArcSinh [a xz}

- +

X V1+a%xt
Result (type 4, 42 leaves):

ArcSinh[ax?| +2+/ia xEllipticF[iArcSinh[v/ia x|, -1]

X

Problem 290: Result unnecessarily involves imaginary or complex numbers.

dx

JAr'cSinh [ax?]

x4

Optimal (type 4, 197 leaves, 6 steps):
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2avl+azx* 2afxV1l+azxt Ar‘cSinh[axz]
N _ _

3 x 3(1+ax2> 3 x3

2a%? (1+ax?) | 222 EllipticE[2ArcTan[va x], 2]

(1+a xz)2

3+1+aZx?

232 (1+ax2) mEnipticF[zArcTan[ﬁx}, 7]
3\/1+a2xé

Result (type 4, 88 leaves):
2a+/1+a*x* ArcSinh|ax?] 1

+

X x? V1ia

232 (EllipticE [iArcSinh[+ia x|, -1] - E1lipticF[iArcSinh[+/ia x|, —1])

1
3

Problem 302: Result more than twice size of optimal antiderivative.

a
JAr‘cSinh[—] dx
X

Optimal (type 3, 25leaves, 5 steps):

X
X ArcCsch [ f} +a Ar‘cTanh[ 1+ — ]
a x2

Result (type 3, 77 leaves):
aa?+x?

~Log[1- —*—] +Log|[1+ —*—]
xAr‘cSinh[i} +
X

Problem 311: Result more than twice size of optimal antiderivative.
JAr‘cSinh [ax"]

X

dx

Optimal (type 4, 60leaves, 5 steps):

ArcSinh[ax"]2 ArcSinh[ax"] Log[1 - e?Arssinh[ax’] ] polylog|2, e2Arcsinh[ax"]]
- + +
2n n 2n

Result (type 4, 128 leaves):
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1

Ar‘cSinh[a x”} Log[x] +
2+a% n

a (Ar‘cSinh [\ a% x"] ? L 2 ArcSinh [\/ai2 x"| Log|[1- g-2Arcsinh[\/a? x| |-
2nLog[x] Log[+/a® X"+ m} - PolylLog|2, e*ZArcsinh[\/aTX"}]

Problem 328: Unable to integrate problem.

J(a+ibAr‘cSin[l—idxz])S/zdlx

Optimal (type 4, 348 leaves, 2 steps):

15b2x\/a+j1bAr‘cSin[1—j1dx2] -
2idx?>+d*x* (a+ibArcsin[1-idx?])*?

d x

|-+ Ja+ibArcSin[1-idx?]
b

Vo

+X (a+JibAr‘cSin[1—Jidx2”5/2+

15b2 /7t x Fresnels|

\ b
. 7i§ \/a+Jler‘cSin[1—Jldx2]
i \/ a a

15 —E b®> /7 x FresnelcC| = ] (jCosh[—} +Sinh[—]) /

2b 2b

| [cosh[ > ] ~isinn[ 2] /

2b 2b

Cos[lArcSin[l—idsz —Sin[lAr‘cSin[l—idszJ -
2 2

Cos[lAr‘cSin[l—jdXZH —Sin[lAr‘cSin[l—jdsz]
2 2

Result (type 8, 24 leaves):

J(a+ijrcSin[l—jdxz])S/zdlx

Problem 329: Unable to integrate problem.

J(a+ibAr‘cSin[l—idxz])3/2dlx

Optimal (type 4, 312leaves, 2 steps):
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3b+/21dx?%+d?x* \/a+ijrcSin[1—jdx2]

+x (a+ibArcsin[1-idx?])¥?+
dx
i bArcSin|1-1idx?
3/ib b\/FxFr‘esnelc[\/aJr]l resin[1-1dx] ] (iCosh[i}—Sinh[i]] /
Jib A 2b 2b

Cos[lAr‘cSin[l—jdsz —Sin[lAr‘cSin{l—idsz] -
2 2

\/aﬂi bArcsin[1-idx?]

Vib A
Jib (Cos[%Ar‘cSin{l—idsz —Sin[%Ar‘cSin[l—idsz)

3b%+/7 xFresnels| ] (Cosh[ }—isinh[i])

a
2b

Result (type 8, 24 leaves):

J(a+ijr‘cSin[lfjdxz])”Zdlx

Problem 330: Unable to integrate problem.

J\/aﬂibArcSin[l—idxz] dx

Optimal (type 4, 263 leaves, 1step):

\/?\/aﬂi bArcSin[1-idx?| . o )
\/FXFr'esnelS[ - ] (Cosh[;] +1$1nh[5”

x\/a+JibAr‘cSin[1—Jidx2} + _

\/? (Cos[iAr‘cSin[l—idsz —Sin[%Ar‘cSin[l—idsz)

. \/?\/aJr]'LbAI"CSin[l]'LdXZ]
\/?b\/?xFr‘esnelc[ y= ] (jash[i} +Sinh[i]) /

2b 2b

Cos[lAr‘cSin[l—jdsz —Sin[lAr‘cSin[l—jdxz]]]
2 2

Result (type 8, 24 leaves):

J\/aﬂibArcSin[l—idxz] dx

Problem 332: Unable to integrate problem.

J ! dx
(a+j1bAr‘cSin[l—Jidxz})3/2

Optimal (type 4, 291 leaves, 1step):
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V21dx?+d?x*

bdx./a+ibArcSin[1-idx?]

: 32 /—E \/a+]i.b
{——) \/FXFr‘esnelc[

b

| [cosh[ ] ~asinn[ = ])| /

ArcSin[1-idx?|
JT

\/_

Cos[lAr‘cSin[l—jdsz —Sin[lAr‘cSin[l—idxz]]] +
2 2

- /,% \/aﬂibAr‘cSin[l—jdxz}
[71) /7 x Fresnels|

b I

b

Cos[lAr‘cSin[lfjdsz 7Sin[1ArcSin[1fjdx2]]]
2 2

Result (type 8, 24 leaves):

J ! dx
(a+j1bAr‘cSin[l—J’ldxz})3/2

Problem 333: Unable to integrate problem.

J ! dx
(a+JibAr'cSin[l—Jidxz})5/2

Optimal (type 4, 326 leaves, 2 steps):
V21dx?+d*x* X

3bdx (a+j1bAr‘cSin[1—jldx2]>3/2 3b2\/a+ijr~cSin[1—jdX2}

V7 x Fresnels | /aQbArﬁciirj;’jdxz] ] (Cosh[i} -1 Sinh[zib])

3+v/ib b2 (Cos[%Ar‘cSin[l—jdXZH —Sin[%Ar‘cSin[l—idsz)

\/aﬂi bArcSin[1-idx?]

Vib V7
37/ib b? (Cos[Arcsin[1-idx?]] -sin[?Arcsin[1-idx?]])

V7 xFresnelC| ] (Cosh[ | +iSinh] ])

a a
2b 2b

Result (type 8, 24 leaves):

J ! dx
(a+j1bAr‘cSin[l—J’ldxz})5/2
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Problem 334: Unable to integrate problem.

J ! dx
(a+JibAr'cSin[l—Jidxz})7/2

Optimal (type 4, 389 leaves, 2 steps):

V21dx?+d?x*
5bdx (a+1’1bAr‘cSin[1—jdx2])5/2
X V21idx?+d2x?

15b2 (a+ i bArcsin[1-idx?])** 15b>dx+/a+ibArcSin[1-idx?]

s l—i— \/aﬂibAr‘cSin[l—idxz}
{—i) \/FXFr'esnelC[

= | [cosn[ ] -t sinn[ =] | /
[15b2 Cos[lAr‘cSm[ ~idx?]] - Sln[lAr'cSm[ —JldxH)J+
o \/>\/a+]1bAr‘c51n -idx?] . ;
{—;) V7 x Fresnels | = ] (COSh[;] Hismh[;” /
(15 b2 Cos[%ArcSin[l—jdXZH —Sin[%Ar‘cSin[l—jdsz))

Result (type 8, 24 leaves):

J ! dx
(aHibAr‘cSin[l—Jidxz})7/2

Problem 335: Unable to integrate problem.

J(a—J'ler‘cSin[lJrjldxz])S/zdlx

Optimal (type 4, 348 leaves, 2 steps):
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15b2x\/a—ijr‘cSin[1+jdx2] -

5by/-2idx*+d?x* (a-ibArcSin[1+idx?])*?
dx

f\/a—ijr‘cSin[lﬂidxz]
b

Vo

X (a—ijr‘cSin[1+jdx2])5/2+

15 b2 /7 x FresnelS |

E

15 b? +/7t x FresnelC

ﬁ

Result (type 8, 24 leaves):

2 2

\/?Ja—jler'cSin[lﬂidxz]
{ b

Vo

Cos[lAr‘cSin[lﬂidsz Sin[lAr‘cSin{1+idx2H)] -

| [cosh[ ] +isinn[ ]| /

2b 2b

Cos[lAr‘cSin[1+jdx2H Sin[lArcsin[1+idx2H)]
2 2

J\(af]lePCSin[1+]ldX2])5/2d1X

Problem 336: Unable to integrate problem.

J(a—ibArcSin[1+idx2])3/2dlx

Optimal (type 4, 310leaves, 2 steps):

3b/-21dx?+d?x4 \/a—ibAr‘cSin[lﬂidxz]
dx

3/2

+X (afijr‘cSin[lﬂidxz})

\/a—i bArcsin[1+idx?]

b
V-ib (Cos[iAr‘cSin{lﬂidsz —Sin[%Ar‘cSin[lﬂidsz)

3b%+/7 xFresnels| ] (Cosh{;—b} +J'LSinh[21b])

{\/a—ijr'cSin[lﬂidxz]

3+¢/-1b b\/;xFr‘esnelc
N-ib Ao

Cos[lAr‘cSin[lﬂidsz —Sin[lAr‘cSin{lﬂidsz]
2 2

Result (type 8, 24 leaves):
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J(afijr‘cSin[1+jdx2])3/2d1x

Problem 337: Unable to integrate problem.

J\/a—ibAr‘cSin[lﬂidxz] dx

Optimal (type 4, 262 leaves, 1step):

\/_ Jlﬁ?\/a—ﬁ bArcSin[1+i d x?| ) o )
7 x FresnelS| = ] (Cosh{z] —1$1nh[;])

x\/a—ibAr‘cSin[lﬂidxz} + _

ﬁ (Cos[%Ar‘cSin[lﬂidsz —Sin[iAr‘cSin[lﬂidsz)

\/a*]'l bArcSin[1+1 d x?]

\/7 x FresnelC [ ﬁ

= ] (Cosh[:—b]+isinh[;—b])

s (Cos[%Ar‘cSin[lﬂidsz —Sin[%Ar‘cSin[lﬂidsz)

Result (type 8, 24 leaves):

J\/a—ijr‘cSin[lJrjdxz] dx

Problem 339: Unable to integrate problem.

J ! dx
(afjlercSin[lHidxz})3/2

Optimal (type 4, 291 leaves, 1step):
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-2idx?rd? x4

- +

bdx./a-ibArcSin[1+idx?]

s /i— \/a—ijr‘cSin[lﬂidxz}
{EJ \/?xFr‘esnels[
: e

Cos[lAr‘cSin[lﬂidsz —Sin[lAr‘cSin[lﬂideH] -
2 2

s /i* \/a*]'ler‘CSin[lJr]'ldXZ}
[3] V7 x FresnelC|
e

b

Cos[lAr‘cSin[lﬂidsz 7Sin[1ArcSin[1+jdx2]]]
2 2

Result (type 8, 24 leaves):

J ! dx
(a—JibAr‘cSin[lﬂidxz})3/2

Problem 340: Unable to integrate problem.

J ! dx
(a—JibAr'cSin[lﬂidxz})5/2

Optimal (type 4, 326 leaves, 2 steps):

No2idx?yd2xt e

3bdx (a—JibAr‘cSin[1+Jldx2])3/2 3b2\/a—ijr‘cSin[1+jdx2}

\/afj bArcsin|[1+i d x?]

VT T
3+/-ib b2 (Cos[%Ar‘cSin[lﬂidsz —Sin{%Ar‘cSin[lﬂideH)

NE Fresnels|

] (Cosh[;—b] +1 Sinh[;—b})

- ibArcSin|1+idx?
A-1b \ExFresnelc[\/a ! e 1n[ o X]] jCosh[i}JrSinh[i]J/
V-ib A 2b 2b
(Bb3 Cos[lAr‘cSin[lﬂideH—Sin[lArcSin[lﬂidsz])
2 2

Result (type 8, 24 leaves):

J ! dx
(afijrcSin[lﬂide”S/Z
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Problem 341: Unable to integrate problem.

J ! dx
(a—JibAr'cSin[lﬂidxz})7/2

Optimal (type 4, 389 leaves, 2 steps):
V-2idx2+d2xd

5bdx (a—jlbAr‘c:Sin[1+11dx2])5/2

X V-2idx2+d?x4

15b? (a-ibArcsin[1+idx?])>"” 15b>dx+/a-ibArcSin[1+idx?]

s /i— \/a—ibAr‘cSin[lﬂidxz}
{E] \/?xFr‘esnelC[
N

J [cosh[ > ]+ asinn[ ]| /

b 2b 2b

[15b2 Cos[lAr‘cSin[lﬂidsz—Sin[lAr'cSin[1+j1dx2H)J+
2 2
. | £ \Ja-ibArcsin[1+idx?]
x A/ x Fresnels| ] [jash[i} +sinh[i]) /
\[ b Nes 2b 2b

(15 b3

Cos[lAr‘cSin[lﬂidsz 7Sin[1Ar‘cSin[1+jdx2H))
2 2

Result (type 8, 24 leaves):

J ! dx
(a*J'ler‘CSin[1+J'ldX2}>7/2

Problem 343: Unable to integrate problem.

1+cx

dx
1-c2x?

J\(a+bAr‘cSinh[@])3

Optimal (type 4, 261 leaves, 8 steps):
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. A 1-cx
2 ArcSinh| —~—

(a+bAr‘cSinh{@})4 (a+bAr‘cSinh[@})3Log[1_e e ]
Viex ©) Vicex )
4bc c
2Ar‘cSinh{£
3b (a+bAr‘cSinh{@])2PolyLog[2, e e ]
N1scx N
2c
3b2 [a+ bAr‘cSinh[@} PolylLog|3 GZAPCSinh{% ] 2 Arcsinh %
( ViIvex ) ? 3b3Polylog(4, e Jaex 7]
2c . 4c

Result (type 8, 42 leaves):

1+cx

dx

1-c2x?

J (a + bAr‘cSinh[lE])3

Problem 344: Unable to integrate problem.

2
J‘ (a + bArcSinh[@] )
AV 1+CX

1-c2x?

dx

Optimal (type 4, 195leaves, 7 steps):

2 Arcsinh| i
(a + bAr‘cSinh[@} )3 (a + bAr‘cSinh[Ql’” } )2 Log[l -e e {me ]
1+cXx A 1+C X
3bc C
. @ ZAPCSinh[VfE} 2 ArcSinh 7\/?
bla+ bAr‘cSmh[ — ]) PolyLog[Z, e Vieex } b2 PolyLog[B, e Viex ]
v i
C 2c¢C

Result (type 8, 42leaves):

l+cx

dx

1-c2x?

J\(a+bAr‘cSinh[@])2

Problem 345: Unable to integrate problem.

a+bArcSinh| E]
l+cx
dx
J 1-c2x?

Optimal (type 4, 133 leaves, 6 steps):



92 | Mathematica 11.3 Integration Test Results for 7.1.5 Inverse hyperbolic sine functions.nb

(a + bAr‘cSinh[@} )2

1l+Ccx
2bc
ZAPCSinh[ﬂ J1
. V1-cx Mo 2 ArcSinh J
a+bArcSinh| — || Log[1-e Jaeex 7] bPolylog|2, e res ']
C 2¢C

Result (type 8, 40 leaves):

1+cx

a + b ArcSinh [ @]
J dx

1-c2x?

Problem 348: Attempted integration timed out after 120 seconds.

JAr‘cSinh [ce®*] dx

Optimal (type 4, 76 leaves, 6 steps):

Arcsinh[c e®®*]*  ArcSinh[ce®®X] Log[1 - e2Aresinh[ce™™] ] polylog[2, e2Arcsinh[ce®]]
- + +

2b b 2b

Result (type 1, 1leaves):

2?2

Problem 368: Result more than twice size of optimal antiderivative.
JAr'cSinh[

Optimal (type 3, 49 leaves, 6 steps):

}dlx
a+bx

cArcTanh| [1+ —2— ]
(a+bx) Ar‘cCsch[fJr bc—x] a bx
.

b b

Result (type 3, 147 leaves):

xAr‘cSinh[ +

a+bx

a?+c?+2abx+b2x?
(a+bx)\/ et ’ (—aLog[a+bx}+aLog[c[c+\/a2+c2+2abx+b2x2)}+

(a+bx>2

cLog[a+bx+\/a2+c2+2abx+b2x2]

/[b\/a2+c2+2abx+b2x2
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Summary of Integration Test Results

371 integration problems

A - 291 optimal antiderivatives

B - 7 more than twice size of optimal antiderivatives
C - 42 unnecessarily complex antiderivatives

D - 22 unable tointegrate problems

E - 9integration timeouts



